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Abstract

On the basis of a supersymmetric yukawaon model, Sumino’s relation for charged lepton
masses is re-derived. A relation between values of K(µ) ≡ (me + mµ + mτ )/(

√
me +√

mµ +
√

mτ )2 and κ(µ) ≡ √
memµmτ/(

√
me + √

mµ +
√

mτ )3 is investigated without using the
relation K = 2/3. Predicted value of κ(µ) is compared with the observed value of κ(µ), and
it is concluded that the value ξ(µ) ≡ (3/2)K(µ) − 1 is of the order of 10−3 or less.

1 Introduction

We know an empirical relation [1]

K ≡ me + mµ + mτ

(
√

me + √
mµ +

√
mτ )2

=
2
3
. (1.1)

In conventional mass matrix models, “masses” mean not “pole masses”, but “running masses”.
The relation (1.1) is satisfied with the order of 10−5 for the pole masses, i.e. Kpole = (2/3) ×
(0.999989± 0.000014), while it is only valid with the order of 10−3 for the running masses. This
has been a mysterious problem as to the relation (1.1) for long years.

Recently, a possible solution of this problem has been proposed by Sumino [2, 3]: He
considers that a flavor symmetry is gauged, and radiative corrections by photon to the charged
lepton masses are exactly canceled by those by flavor gauge bosons. Therefore, as far as the
charged lepton masses are concerned, the running mass values are exactly equal to the pole mass
values. (Hereafter, we will refer to this mechanism as Sumino’s mechanism.) Moreover, as a
byproduct of his model, he has obtained a charged lepton mass relation [3]

m3/2
µ +

√
memµmτ =

√
memτ (

√
me +

√
mτ ). (1.2)

(We also refer to the relation (1.2) as Sumino’s relation on the charged lepton masses.) Then,
we can completely determine the charged lepton mass spectrum by using two relations (1.1) and
(1.2) simultaneously. As we demonstrate it later on, a predicted value of the electron mass me is
in fairly good agreement with the observed one. The Sumino model is an effective theory with
an energy scale Λ ∼ 102 TeV, so that many visible effects are fruitfully expected in TeV region
physics. Although the topic investigated by Sumino appears to be a narrow and restricted topic,
we think that the problems proposed by Sumino will provide a vital clue to new physics.
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In the Sumino model, an effective Yukawa coupling constant Y eff
e in the charged lepton

sector is given by Y eff
e ∝ ⟨Φ⟩⟨Φ⟩T , where ⟨Φ⟩ is a vacuum expectation value (VEV) of a scalar

field Φ with 3 × 3 components. Therefore, the quantity K defined in Eq.(1.1) is expressed by

K =
v2
1 + v2

2 + v2
3

(v1 + v2 + v3)2
, (1.3)

where (v1, v2, v3) are eigenvalues of ⟨Φ⟩. A derivation of the relation K = 2/3 from a scalar
potential model was first tried by the author [4], where Y eff

e ∝ ⟨Φ⟩⟨Φ⟩ was also assumed.
However, in Ref.[4], the field Φ was assigned to 8 + 1 of a U(3) flavor symmetry, so that
Ye ∝ ΦΦ was also assigned to 8 + 1 of U(3), while, in the Sumino model, ΦΦT is assigned
to 6 of U(3). In other words, Sumino has assigned the charged lepton fields eL = (e1, e2, e3)L

and eR = (e1, e2, e3)R to 3 and 3∗ of U(3), respectively. This assignment is essential for the
cancellation between interactions of photon and flavor gauge bosons.

In the derivation of the relation (1.2), Sumino [3] has proposed a scalar potential for Φ

V = λS
1 (v2

1v
2
3 + v2

2v
2
2 + v2

3v
2
1) + λS

2 (v4
1 + v4

2 + v4
3), (1.4)

where, for convenience, we have expressed his potential in terms of the eigenvalues of (v1, v2, v3).
Under the subsidiary condition (v2

1 + v2
2 + v2

3)/(v1 + v2 + v3)2 = 2/3, minimizing conditions of
the potential (1.4) lead to a VEV relation

v3
2 + v1v2v3 − v1v3(v1 + v3) = 0, (1.5)

in the limit of λS
2 /λS

1 → 0. The VEV relation (1.5) means the charged lepton mass relation (1.2).
(Note that the relation (1.1) is totally symmetric under permutations among me, mµ and mτ ,
while the relation (1.2) is symmetric only under me ↔ mτ .) Then, by using the relations (1.1)
and (1.2) simultaneously, we can completely determine the charged lepton mass spectrum. It is
convenient to express the charged lepton mass spectrum in terms of the following two quantities,
K and κ [5], where K is defined by Eq.(1.1) and κ is defined by

κ ≡
√

memµmτ

(
√

me + √
mµ +

√
mτ )3

=
v1v2v3

(v1 + v2 + v3)3
, (1.6)

which is sensitive to the value of me. By using Eqs.(1.1) and (1.2), we obtain a predicted value
κ = 2.20869 × 10−3, which is in fairly good agreement with the observed value

κpole = (2.0633 ± 0.0001) × 10−3. (1.7)

Of course, we can exactly fit a predicted value of κ in the Sumino model to the observed value
κpole by adjusting the parameter λS

2 /λS
1 . However, we would like to notice that the relation (1.2)

has already given an almost reasonable value of me without help of the second term (λ2-term).
We have a great interest in the Sumino model. In this paper, we try to derive the Sumino

relation (1.2) on the basis of another approach, i.e. on the basis of the so-called supersymmetric
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Table 1: Energy scale dependence of ξ(µ) and κ(µ) in cases with tan β = 10 and tan β = 50. ξ

and κ for pole masses are given by ξpole = (0.011±0.014)×10−3 and κpole = (2.0633±0.0001)×
10−3. The running mass values of the charged leptons have been quoted from Ref.[8].

tanβ = 10 tanβ = 50

Scale ξ(µ) [10−3] κ(µ) [10−3] ξ(µ) [10−3] κ(µ) [10−3]

µ = mZ 1.879 ± 0.002 2.0276 ± 0.0002 1.879 ± +0.002 2.0276 ± 0.0002
µ = 103 GeV 1.95 ± 0.02 2.0271 ± 0.0002 2.50 ± 0.02 2.0219 ± 0.0002
µ = 109 GeV 2.20 ± 0.02 2.0247 ± 0.0002 5.69 ± 0.02 1.9924 ± 0.0002
µ = 1012 GeV 2.30 ± 0.02 2.0238 ± 0.0002 7.03 ± 0.02 1.9800 ± 0.0002

µ = 2 × 1016 GeV 2.42 ± 0.02 2.0227 ± 0.0002 8.62 ± 0.02 1.9654 ± 0.0002

yukawaon model [6, 7], where the effective coupling constants Y eff
f (f = u, d, ν, e) in the Yukawa

interactions are given by Y eff
f = ⟨Yf ⟩/Λ (we call the fields Yf “yukawaons”), and the VEV of

Ye is also related to a field Φ as ⟨Ye⟩ ∝ ⟨Φ⟩⟨Φ⟩. In the yukawaon model, VEV relations are
derived from supersymmetric (SUSY) vacuum conditions, so that such relations are only valid
at a high energy scale µ ∼ Λ. Since the flavor symmetry is completely broken at µ ∼ Λ, so that
the effective coupling constants Y eff

f evolve as those in the standard SUSY model below the
scale Λ. In the yukawaon model, we consider that the value of K(µ) is not exactly 2/3, but,
rather, the value may be somewhat deviated from K = 2/3, i.e.

K(µ) =
2
3
(1 + ξ(µ)), (1.8)

with ξ ∼ 10−3 at µ ∼ Λ. Similarly, in the yukawaon model, the value of κ(Λ) does not need to
be the observed value (1.7), so that we can regard the predicted value κ = 2.209 × 10−3 from
the Sumino relation (1.2) as a value of κ(µ) at µ ∼ Λ in the yukawaon model. For a reference,
we list values of ξ(µ) and κ(µ) in Table 1. The running mass values used in Table 1 have been
quoted from Ref.[8]. Also, in Fig.1, we plot those values as a ξ-κ curve. The data points from
the left to the right in Fig.1 correspond to ξ-κ values at µ = mZ , 103 GeV, 109 GeV, 1012 GeV
and 2× 1016 GeV, respectively. The “observed” ξ-κ curve is dependent on the value of tanβ in
the estimates of the running charged lepton masses. (Hereafter, we refer to the values of ξ(µ)
and κ(µ) which are calculated by the running mass values mei(µ) estimated from the observed
(pole) masses mei as “observed” values of ξ(µ) and κ(µ) in contrast to the “predicted” values
of ξ(µ) and κ(µ) in the present model.)

As seen in in Fig.1, it is worthwhile noticing that both ξ-κ curves for tan β = 10 and
tan β = 50 are almost plotted on a common linear curve. We can confirm that the deviation
from the common linear relation is of the order of 10−2 or less. Therefore, the relation given in
Fig.1 is useful to compare our prediction values of ξ(µ)-κ(µ) with the observed values without
assuming a specific value of tan β.

In the Sumino model, the subsidiary condition (v2
1 + v2

2 + v2
3)/(v1 + v2 + v3)2 = 2/3 [i.e. the

relation (1.1)] was indispensable in deriving the Sumino relation (1.5). In the present paper, we
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try to derive the Sumino relation (1.2) [or (1.5)] without assuming the relation (1.1), i.e. we
derive the Sumino relation which is valid even when the relation (1.1) is not satisfied. Although,
for the charged lepton mass spectra, some of ideas [9, 7, 5] have already been proposed on the
basis of a yukawaon model, we do not adopt such a model in the present paper. Therefore, the
present yukawaon model does not predict a value of K(Λ) = (2/3)(1 + ξ(Λ)), but we can give
only a relation between values ξ(µ) and κ(µ) numerically. We will speculate a possible value
ξ(Λ) from the observed value of κ(Λ).

In Sec.2, we give a supersymmetric yukawaon model in the charged lepton sector. A VEV
form ⟨Φ⟩ in the present model takes a diagonal form ⟨Φ⟩ = diag(v1, v2, v3) in contrast to ⟨Φ⟩ in
the Sumino model in which ⟨Φ⟩ cannot be diagonal although ⟨Φ⟩⟨Φ⟩T is diagonal. Therefore, the
present model is very intuitive, but it needs many additional fields concerned with mass relations,
so that it will somewhat be complicated rather than the Sumino model. The present model will
contain two parameters. One is ξ(µ) defined in Eq.(1.8), because we do not consider K = 2/3.
Another one is a parameter ρ which is given by a ratio of coefficients of the superpotential terms.
In the limit of ξ → 0 and ρ → 0, the result becomes the Sumino mass relation (1.2). In Sec.3,
in order to compare our results to the observed values given in Table 1, we will speculate that
the value of ρ is given by ρ = 3/2. Then, we can completely determine the value of κ(µ) as
a function of ξ(µ). We will find that two options are possible: one is to accept the Sumino
mechanism, because a predicted value of κ at ξ = 0 is in favor of the observed value of κpole, and
another one is to consider that the energy scale Λ of the effective theory is Λ ∼ 104 GeV, because
our result shows κ(µ)pred = κ(µ)obs at µ ∼ 104 GeV. In Sec.2, we assume ad hoc forms of VEV
matrices for some specific fields, for example, ⟨E⟩ = vE1, and so on. In Sec.4, we will discuss
a possible scenario which provides such specific forms. Finally, Sec.5 is devoted to conclusions
and remarks.

2 Model

Stimulated by the Sumino model, in this paper, we assign the yukawaon Ye to 6 of U(3),
not to 8 + 1 of U(3) [9] (and also not to 5 + 1 of O(3) [10]), so that the would-be Yukawa
interaction in the charged lepton sector is given by

HY ukawa =
ye

Λ

∑
i,j

ℓi(Ye)ij(ec)jHd, (2.1)

where ℓ = (νL, eL) and ec are SU(2)L doublet and singlet fields of the leptons, respectively, and
Hd is the down-type SU(2)L doublet Higgs scalar in the conventional model. We list fields which
are concerned with the charged lepton masses in Table 2. In order to distinguish each yukawaon
Yf from others, we assume a U(1)X symmetry, and we assign a U(1)X charge (“sector” charge)
QX as QX(Yf ) = xf , QX(f c) = −xf , and QX = 0 for all SU(2)L doublet fields. However, in this
paper, since we deal with only fields concerned with Ye, we denote QX(Ye) = xe as QX(Ye) = +1
simply. (Also, hereafter, we denote Ye as Y simply.) In the R charge assignments in Table 2,
the values of r1 and r2 must be chosen as the charges of Y , E and ΘT (and also those of Ȳ , Ē

and T̄ ) are different among them, and as an unwelcome combination ET̄ET̄ is forbidden. At
present, we do not specify those values r1 and r2. The Z2 parity in Table 2 has been introduced
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Table 2: Quantum numbers of fields concerned with the charged lepton masses

Field Y E ΘT Ȳ Ē T̄ Φ Φ̃

U(3) 6 6 6 6∗ 6∗ 6∗ 8 + 1 8 + 1
QX 1 1 1 −1 −1 −1 0 0
QR 0 r1 r1 + 2r2 2 − r1 − 2r2 2r2 1 − 1

2r1 − r2 r2 1 − r2

Z2 + + + + + − + +

for the purpose to forbidden a term which includes T̄ of an odd number such as Tr[ΦΦ̃ET̄ ].
According to the quantum numbers given in Table 2, a possible superpotential W is given

as follows: W = WY + WT + WS ,

WT = µT Tr[ΘT Ȳ ] +
λT

Λ
Tr[ΘT T̄ Y T̄ ], (2.2)

WY =
λE

Λ
Tr[Y ĒEȲ ] +

λY

Λ
Tr[Φ̃Φ̃Y Ē] +

λ̄Y

Λ
Tr[ΦΦEȲ ], (2.3)

WS =
λ1

Λ
Tr[ΦΦΦ̃Φ̃] +

λ′
1

Λ
Tr[ΦΦ̃ΦΦ̃] +

λ2

Λ
Tr[ΦΦ]Tr[Φ̃Φ̃] +

λ′
2

Λ
Tr[ΦΦ̃]Tr[ΦΦ̃] +

λ3

Λ
Tr2[Φ]Tr2[Φ̃].

(2.4)
Here, the potential WT plays a role in giving a relation between Y and Ȳ . The potential WY

plays a role in providing VEV relations Y ∝ ΦEΦT and so on. Since Φ and Φ̃ are 8 + 1 of
U(3), we can consider terms Tr[Φ̃Y Φ̃T Ē] and Tr[Y Φ̃T Φ̃T Ē] in addition to the term Tr[Φ̃Φ̃Y Ē].
However, since ⟨Φ̃⟩, ⟨Y ⟩ and ⟨Ē⟩ can take diagonal forms simultaneously, those terms give the
same contributions. Therefore, for simplicity, we have denoted only the term Tr[Φ̃Φ̃Y Ē] as a
typical one of those in the expression (2.3). (For the λ̄Y term, the situation is similar to the λY

term.) The potential WS plays a role in deriving the Sumino relation. Only in the potential
WS , we have assumed terms of new types Tr[AB]Tr[CD] and Tr[A]Tr[B]Tr[C]Tr[D] in addition
to a type Tr[ABCD]. Since we have considered that those terms are written up via two steps, a
replacement Tr[ABCD] → Tr[AB]Tr[CD] and simultaneous replacements Tr[AB] → Tr[A]Tr[B]
and Tr[CD] → Tr[C]Tr[D], we did not consider such terms Tr[ABC]Tr[D], Tr[AB]Tr[C]Tr[D],
and so on.

From the superpotential W = WY + WT + WS , we can obtain the following VEV relations.
From a SUSY vacuum condition ∂W/∂ΘT = 0, we obtain a VEV relation

Ȳ = − λT

µT Λ
T̄ Y T̄ . (2.5)

A condition ∂W/∂T̄ = 0 leads to

∂W

∂T̄
=

λT

Λ
(Y T̄ΘT + ΘT T̄ Y ) = 0. (2.6)
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Since we want ⟨Y ⟩ ̸= 0 and ⟨T̄ ⟩ ̸= 0, we choose a vacuum with ⟨ΘT ⟩ = 0. From SUSY vacuum
conditions ∂W/∂Ȳ = 0 and ∂W/∂Y = 0, we obtain

Y Ē = − λ̄Y

λE
ΦΦ, EȲ = −λY

λE
Φ̃Φ̃. (2.7)

respectively, where we have used ⟨ΘT ⟩ = 0. Then, we can see that ∂W/∂E = 0 and ∂W/∂Ē = 0
are automatically satisfied under the conditions (2.7). For the moment, we assume the following
VEV forms for E, Ē and T̄ :

1
vE

⟨E⟩ =
1
v̄E

⟨Ē⟩ =

 1 0 0
0 1 0
0 0 1

 ,
1
v̄T

⟨T̄ ⟩ =

 0 0 1
0 1 0
1 0 0

 , (2.8)

on the basis in which ⟨Φ⟩ takes a diagonal form ⟨Φ⟩ = diag(v1, v2, v3) ≡ v0diag(z1, z2, z3). (The
forms of ⟨E⟩ and ⟨T̄ ⟩ will be discussed in Sec.4.) Therefore, the forms ⟨Y ⟩, ⟨Ȳ ⟩ and ⟨Φ̄⟩ are
expressed as ⟨Y ⟩ = vY Z2, ⟨Ȳ ⟩ = v̄Y Z̄2 and ⟨Φ̃⟩ = v̄0Z̄, where

Z = diag(z1, z2, z3), Z̄ = diag(z3, z2, z1), (2.9)

vY v̄E = −(λ̄Y /λE)v2
0, v̄Y vE = −(λY /λE)v̄2

0 and v̄Y = −(λT /µT Λ)vY .
The Sumino relation is obtained as follows. From a condition ∂W/∂Φ = 0, we obtain

∂W

∂Φ
=

λ̄Y

Λ
(ΦEȲ + EȲ ΦT ) +

λ1

Λ
(ΦΦ̃Φ̃ + Φ̃Φ̃Φ) + 2

λ′
1

Λ
Φ̃ΦΦ̃

+2
λ2

Λ
Tr[Φ̃Φ̃]Φ + 2

λ′
2

Λ
Tr[ΦΦ̃]Φ̃ + 2

λ3

Λ
Tr2[Φ]Tr2[Φ̃]1 = 0, (2.10)

which leads to an equation for the parameters zi

c01 + c1Z + c′1Z̄ + c3ZZ̄2 = 0, (2.11)

where c0 = λ3v0v̄
2
0(z1 +z2 +z3)(z2

1 +z2
2 +z2

3), c1 = λ2v0v̄
2
0(z

2
1 +z2

2 +z2
3), c′1 = λ′

2v0v̄
2
0(z

2
2 +2z1z3),

and c3 = λ̄Y vE v̄Y v0 + (λ1 + λ′
1)v0v̄

2
0. Also, from ∂W/∂Φ̃ = 0, we obtain

c̄01 + c̄1Z̄ + c̄′1Z + c̄3Z̄Z2 = 0, (2.12)

where c̄0 = λ3v̄0v
2
0(z1 + z2 + z3)(z2

1 + z2
2 + z2

3), c̄1 = λ2v̄0v
2
0(z

2
1 + z2

2 + z2
3), c̄′1 = λ′

2v̄0v
2
0(z

2
2 +2z1z3)

and c̄3 = λY v̄EvY v̄0 + (λ1 + λ′
1)v̄0v

2
0. If we assume that WY is symmetric under Φ ↔ Φ̃, Y ↔ Ȳ

and E ↔ Ē, so that v̄0 = v0, v̄Y = vY and v̄E = vE , we find that Eq.(2.12) is effectively
equivalent to Eq.(2.11).

Now, we solve Eq.(2.11), i.e. c0 + c1z1 + c′1z3 + c3z3z
2
1 = 0, c0 + (c1 + c′1)z2 + c3z

3
2 = 0, and

c0 + c1z3 + c′1z1 + c3z1z
2
3 = 0. From the first and third equations, we obtain constraints on the

coefficients c0, c1, c′1 and c3,

c1 − c′1 = c3z1z3, c0 = −(c′1 + c3z1z3)(z1 + z3). (2.13)
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By substituting Eqs.(2.13) into the second equation of (2.11), we obtain c3[z3
2 +z1z3z2−z1z3(z1+

z3)] + c′1(2z2 − z1 − z3) = 0, i.e.

c1[z3
2 + z1z3z2 − z1z3(z1 + z3)] − c′1(z

2
2 − z1z3)z2 = 0. (2.14)

Note that Eq.(2.14) leads to the Sumino relation (1.5) in the limit of c′1 → 0. Since c′1/c1 is
given by

c′1
c1

=
λ′

2

λ2

z2
2 + 2z1z3

z2
1 + z2

2 + z2
3

, (2.15)

Eq.(2.14) is written as

z3
2 + z1z3z2 − z1z3(z1 + z3) − ρ

(z2
2 + 2z1z3)(z2

2 − z1z3)z2

z2
1 + z2

2 + z2
3

= 0, (2.16)

where ρ = λ′
2/λ2.

We can normalize the parameters zi as

z1 + z2 + z3 =

√
3
2
, z2

1 + z2
2 + z2

3 = 1 + ξ, (2.17)

without losing generality (by adjusting the value v0 suitably). Then, the parameter ξ corresponds
to ξ defined in Eq.(1.8). Since z1 + z3 =

√
3/2 − z2, and

z1z3 =
1
2
[(z1 + z3)2 − (z2

1 + z2
3)] = z2

2 −
√

3
2
z2 +

1
4
(1 − 2ξ), (2.18)

we can regard Eq.(2.16) as an equation for z2, and we can solve it numerically. [The cubic
equation (2.16) with ρ = 0 (i.e. the Sumino equation) has only one real solution, while a general
case with ρ ̸= 0 has two real solutions. Therefore, of two numerical solutions, we will choose
a solution which is nearly equal to the Sumino solution.] For typical values of ρ, ρ = (0, 1, 2),
we obtain κ = (2.20867, 2.1146, 1.9792) × 10−3 at ξ = 0. Therefore, the case with ρ ≃ 1 − 2 is
in favor of the observed value κpole = (2.0633 ± 0.001) × 10−3, if we assume that the Sumino
mechanism correctly works. However, at present, the parameter ρ = λ′

2/λ2 is free, so that we
can predict neither values of κ(µ) or ξ(µ). In the next section, we will speculate about the ratio
λ′

2/λ2.

3 Speculation

In this section, we speculate about a value of λ′
2/λ2, and thereby, we speculate values of

ξ(Λ) and κ(Λ).
In the previous section, we have considered that λ2 and λ′

2 terms come from Tr[ABCD] →
Tr[AB]Tr[CD]. Since Tr[AABB] = Tr[BAAB] = Tr[BBAA] = Tr[ABBA] and Tr[ABAB] =
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Tr[BABA], we count the terms as Tr[AABB] → 2(Tr[AA]Tr[BB]+Tr[AB]Tr[AB]) and Tr[ABAB] →
2Tr[AB]Tr[AB], respectively. Therefore, we consider

λ1Tr[ΦΦΦ̃Φ̃] + λ′
1Tr[ΦΦ̃ΦΦ̃] → λ1Tr[ΦΦ]Tr[Φ̃Φ̃] + (λ1 + λ′

1)Tr[ΦΦ̃]Tr[ΦΦ̃], (3.1)

except for a common factor. On the other hand, independent arrangements of two A and two
B are AABB, ABAB, ABBA, BBAA, BABA and BAAB, so that we speculate λ′

1/λ1 = 1/2.
Therefore, we obtain

ρ ≡ λ′
2

λ2
=

λ1 + λ′
1

λ1
=

3
2
. (3.2)

The value ρ = 3/2 predicts a value of κ

κ(ξ = 0) = 2.0653 × 10−3, (3.3)

which is in excellent agreement with the observed value κpole = (2.0633±0.001)×10−3. However,
as we have shown in Table 1, in the yukawaon model, the value of ξ will be not zero, unless the
Sumino mechanism exactly works.

In Fig.2, we illustrate a predicted ξ(µ)-κ(µ) relation, where the predicted values κ(µ) are
estimated for input values of ξ(µ) which correspond to the values of ξobs(µ) at µ = mZ , 103

GeV, 109 GeV, 1012 GeV and 2× 1016 GeV in Table 1, respectively. As seen in Fig.2, the curve
of ξ(µ)-κ(µ) is crossed with the curve of ξ(µ)obs-κobs(µ) at µ ∼ 104 GeV. Of course, the crossed
point depends on the value of tan β. For a reference, in Fig.3, we also plot a ξ-κ relation for
the case with tan β = 50. The curves for ρ = 3/2 and ρ = 1 have crossing points with the
ξobs-κobs curve at µ ∼ 102 GeV and µ ∼ 1011 GeV, respectively. If we accept the speculated
value ρ = 3/2, we are obliged to consider Λ ∼ 102 GeV, so that the case with tan β = 50 is
unlikely. We consider that the value of Λ is of the order of 104 GeV or more, so that the value
of tanβ must be of the order of 10 or less.

4 VEV matrix forms ⟨E⟩ and ⟨T̄ ⟩
So far, we have not mentioned the origin of the VEV forms ⟨E⟩ and ⟨T̄ ⟩. In Sec.2, we have

a priori assumed their VEV forms (2.8). In a non-SUSY model, we can readily give an explicit
scalar potential form which leads to the form ⟨E⟩ = vE1. However, in general, in a SUSY model,
it is hard to give a superpotential which leads to the form ⟨E⟩ = vE1, although we can give
⟨E⟩⟨Ē⟩ ∝ 1. For example, we assume that a superpotential

WE =
λE

1

Λ
Tr[EĒEĒ] +

λE
2

Λ
Tr2[EĒ], (4.1)

where we have chosen R charge parameters as QR(EĒ) = r1+2r2 = 1. Supersymmetric vacuum
conditions ∂WE/∂E = 0 and ∂WE/∂Ē = 0 demand

λE
1 ĒE + λE

2 Tr[ĒE]1 = 0, (4.2)

together with an additional condition for the coefficients λE
2 /λE

1 = −1/3. One way to obtain a
solution ⟨E⟩ = vE1 from ĒE ∝ 1 is to assume that our U(3) flavor symmetry is broken into O(3)
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above µ ∼ Λ by ⟨E⟩, because we know that a U(3) symmetry is broken into an O(3) symmetry
when a field 6 of U(3) takes a VEV form ⟨6⟩ ∝ 1.

Another way is to assume that our U(3) is gauge symmetry according to Sumino’s idea
[2, 3]. Then, we can use a D-term condition for fields 6 and 6̄ which are 6-plet and 6∗-plet of
U(3), respectively: ∑

6

Tr[6†λa6 + 6λT
a 6†] −

∑
6̄

Tr[6̄†λa6̄ + 6̄λT
a 6̄†] = 0, (4.3)

where λa (a = 1, 2, · · · , 8) are Gell-Mann’s λ matrices in SU(3) and λ0 =
√

2/31. (The D-term
condition does not put any constraint on the fields Φ and Φ̃ which are 8 + 1 of U(3).) If we
assume that ⟨6⟩ and ⟨6̄⟩ are diagonal, the condition (4.3) is applied only to the cases λ3, λ8 and
λ0. A solution E = Ē = vE1 under the constraint EĒ ∝ 1 satisfies the relation

Tr[E†λaE + EλT
a E†] − Tr[Ē†λaĒ + ĒλT

a Ē†] = 0. (4.4)

Similarly, if we introduce a field T , which is 6 of U(3), in addition to T̄ , we can obtain ⟨T ⟩⟨T̄ ⟩ ∝ 1.
Considering ⟨T ⟩T = ⟨T ⟩ and ⟨T̄ ⟩T = ⟨T̄ ⟩, we take specific forms

⟨T ⟩ =

 0 0 v1

0 v2 0
v1 0 0

 , ⟨T̄ ⟩ =

 0 0 v̄1

0 v̄2 0
v̄1 0 0

 , (4.5)

of solutions for ⟨T ⟩⟨T̄ ⟩ ∝ 1. Then, we can also see that a solution ⟨T ⟩ = ⟨T̄ ⟩ with v1 = v2 under
the constraint T T̄ ∝ 1 satisfies

Tr[T †λaT + TλT
a T †] − Tr[T̄ †λaT̄ + T̄ λT

a T̄ †] = 0. (4.6)

Of the fields with 6 and 6̄ of U(3) in the present model, for the last one ΘT , the VEV has to be
⟨ΘT ⟩ = 0 from the D-term condition (4.3), because we already have relations (4.4) and (4.6) for
E, Ē, T and T̄ . This solution ⟨ΘT ⟩ = 0 is consistent with the requirement ⟨ΘT ⟩ = 0 in Eq.(2.6).

5 Concluding remarks

In conclusion, on the basis of a yukawaon model, we have investigated the Sumino relation
(1.2) for the charged lepton masses. As well as the Sumino model [3], where there is a λS

2 term
in addition to the Sumino term (the λS

1 term) in the scalar potential (1.4), in the present model,
too, we have additional terms, c′1 terms, in addition to the Sumino terms (c1-terms) in Eq.(2.14).
In the Sumino model, since the contribution of the λS

2 term is considerably large compared with
that of the λS

1 term for the realistic mass values, we must consider that λS
2 /λS

1 ∼ 10−2 in order
to give the observed electron mass value. In other words, a predicted value of the electron mass
is highly sensitive to the second term (λS

2 -term). On the other hand, in the present model, the
c′1 terms less contribute to the essential terms (c1 terms), so that existence of the c′1 terms does
not so spoil the Sumino equation (1.5) even if we take ρ ∼ 1, and rather, the existence is in
favor of the numerical fitting.
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We would like to emphasize that we have never used the charged lepton mass relation
(1.1). Although we have put K = (2/3)(1 + ξ), we have never assumed that the parameter ξ

is small. Nevertheless, as shown in Figs.2 and 3, we can conclude that the values of ξ(Λ) must
be considerably small in order to accommodate the predicted ξ-κ curves to the running mass
values.

If we accept a speculation λ′
2/λ2 = 3/2, we obtain two options: One option is to consider

that we accept the Sumino mechanism, so that the prediction (3.3) at ξ = 0 is excellently in
favor of the observed value (1.7) of κpole. Another option is to consider that the energy scale Λ
in the yukawaon model is Λ ∼ 104 GeV because the curve of the predicted value κ(µ) crosses
with the curve of the observed value κ(µ)obs at µ ∼ 104 GeV as seen in Fig.2. (We have assumed
that U(3) is not gauged, or that the contributions due to U(3) gauge bosons are negligibly
small.) The latter scenario provides fruitful phenomenology in TeV region physics. Since in
past yukawaon models the energy scale Λ was taken as Λ ∼ 1014−16 GeV, all results which were
obtained from the old yukawaon models must be re-considered.

In the present model, the VEV of the yukawaon Ye is given by ⟨Ye⟩ ∝ ⟨Φ⟩⟨Ee⟩⟨Φ⟩T (exactly
speaking, ⟨Ye⟩ ∝ λY 1⟨Φ⟩⟨Ee⟩⟨Φ⟩T + λY 2(⟨Φ⟩⟨Φ⟩⟨Ee⟩ + ⟨Ee⟩⟨Φ⟩T ⟨Φ⟩T )). Note that Φ (and Φ̄)
have no sector charge, and only the filed Ee has a non-zero sector charge QX . Therefore, we
may consider a general form

⟨Yf ⟩ ∝ ⟨Φ⟩⟨Ef ⟩⟨Φ⟩T . (5.1)

Since we have assumed that ⟨Ee⟩ is real, we could reduce Tr[Ye] to Tr[De] ∝ me + mµ + mτ (Df

is a diagonalized matrix defined by UT
f YfUf = Df ), while, for a general yukawaon Yf , which

is 6 of U(3), i.e. which is not Hermitian, we cannot reduce Tr[Yf ] to such a form, because
UfUT

f ̸= 1. Therefore, only for the charged lepton sector, we can express the quantities K and
κ by the ratios Tr[ΦΦT ]/Tr2[Φ] and det(Φ)/Tr3[Φ], respectively, while, for other sectors, we
cannot obtain such relations (1.3) and (1.6). We think that this is a reason that Kf ≃ 2/3 are
not satisfied [11] in other sectors (e.g. quark sectors).

As we have stated in Sec.1, although the present topic appears to be narrow and restricted,
we think that the problems proposed by Sumino will provide a vital clue to new physics. If we
take the speculation Λ ∼ 104 GeV seriously, we may expect possibility that the model provides
fruitful and visible effects in TeV region physics. We hope that the present model can give some
hints for fruitful developments of the Sumino model.
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Fig. 1 Relation between ξ(µ) and κ(µ) estimated from running masses. One (a
thick line with filled-in circle points) is for the case tan β = 10, another one (a thin
line with opened circle points) is for tan β = 50. The data have been quoted from
Xing et al. [8]. The data points from the left to the right correspond to ξ-κ values
at µ = mZ , 103 GeV, 109 GeV, 1012 GeV and 2 × 1016 GeV, respectively.
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Fig. 2 Relation between ξ(µ) and κ(µ) for the case tan β = 10. A thick line
with opened circles is plotted by values given in Table 1. A curve for ρ = 0 denotes
the Sumino relation (1.2). Curves for ρ = 1, 3/2 and 2 are examples of predictions
in the present model. The data points from the left to the right correspond to ξ-κ
values at µ = mZ , 103 GeV, 109 GeV, 1012 GeV and 2× 1016 GeV, respectively. On
the left of those ξ-κ curves, for a reference, values of κ at ξ = 0 are plotted together
with observed value κpole.
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Fig. 3 Relation between ξ(µ) and κ(µ) for the case tan β = 50. The data points
from the left to the right correspond to ξ-κ values at µ = mZ , 103 GeV, 109 GeV,
1012 GeV and 2 × 1016 GeV, respectively.
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