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Preface

For investigating a realistic model of the quarks and leptons, the phenomenological studies
of the masses and mixings will provide a promising clue. Then, the investigation should simulta-
neously be done both for masses and mixings, so that we usually take a mass matrix approach.
Many researchers have been reported along this line, and also, many useful formulae for the
mass matrix calculations have found. With the progress of the recent neutrino physics, the
concern to the mass matrix model-builders seems to be moving from quark mass matrix models
to neutrino mass matrix models. However, of course, the investigation of the quark mass matrix
is still not completed as well as that of the neutrino mass matrix. The mass matrix studies will
be continued still hereafter.

The purpose of the present note is not to discuss the physics on such the mass matrix models,
but to give a list of collected mass matrix formulae for convenience of the model-builders.
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Notations and Conventions

We define Dirac mass matrix Mf for fermions f = (f1, f2, · · ·) by

Hmass = fLMffR + fRM †
ffL. (0.1)

The mass matrices Mf are diagonalized as

U †
fLMfUfR = Df ≡ diag(mf1, mf2, · · ·). (0.2)

The mixing matrices UfL and UfR are given by

U †
fLMfM †

fUfL = D2
f , (0.3)

U †
fRM †

fMfUfR = D2
f , (0.4)

respectively.
For example, quark mass matrices (Mu,Md) are diagonalized as

U †
uLMuUuR = Du ≡ diag(mu,mc,mt), (0.5)

U †
dLMdUdR = Dd ≡ diag(md,ms,mb), (0.6)

Then, the Kobayashi-Maskawa (CKM) matrix V is given by

V = U †
uLUdL, (0.7)

for the case fL = qL ≡ (u, d)L.
For a neutrino Majorana mass matrix Mν (MT

ν = Mν), which is defined by

Hmass = νLMνν
∗
L (0.8)

the mass matrix Mν is diagonalized as

U †
νLMνU

∗
νL = Dν ≡ diag(mν1,mν2,mν3) (0.9)

The Maki-Nakagawa-Sakata matrix U is given by

U = U †
eLUνL, (0.10)

where UeL is defined by
U †

eLMeUeR = De ≡ diag(me,mµ, mτ ) (0.11)
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1 General Formulae

General formulae for arbitrary n×n matrices are given. For some of them, it is assumed
that they are Hermitian.

1.1 Trace

Definition
Trace of an n × n matrix A is defined as

TrA =
n∑
i

Aii. (1.1.1)

Related formulae
Matrices A, B, · · · are satisfied the following equations:

Tr(A + B) = TrA + TrB, (1.1.2)

Tr(aA) = aTrA (a : c − number), (1.1.3)

Tr(AB) = Tr(BA), (1.1.4)

Tr(PBP−1) = TrA. (1.1.4)

1.2 Transpose

Definition
Transpose AT of an n × n matrix A is defined by

(AT )ij = Aji. (1.2.1)

Related formulae

(A + B)T = AT + BT , (1.2.2)

(aA)T = aAT (a : c − number), (1.2.3)

(AB)T = BT AT , (1.2.4)

Tr(AT ) = TrA, (1.2.5)

(AT )T = A. (1.2.6)

1.3 Hermitian conjugate

Definition
Hermite conjugate A† an n × n matrix A is defined by

A† = (A∗)T . (1.3.1)
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Related formulae

(A + B)† = A† + B†, (1.3.2)

(aA)† = a∗A† (a : c − number), (1.3.3)

(AB)† = B†A†, (1.3.4)

Tr(A†) = (TrA)∗, (1.3.5)

(A†)† = A. (1.3.6)

The following formula1 is also useful:

Tr ln(A + B) = Tr ln A +
∫ 1

0
dzTr

1
A + zB

B. (1.3.7)

1.4 Exponential

Definition
Exponential eA is defined by

eA =
∞∑

n=0

1
n!

An = 1 + A +
1
2!

A2 +
1
3!

A3 + · · · . (1.4.1)

Related formulae

(eA)−1 = e−A, (1.4.2)

PeAP−1 = ePAP−1
, (1.4.3)

eAT
= (eA)T , eA†

= (eA)†. (1.4.4)

For AB − BA = 0, we obtain
eA+B = eAeB, (1.4.5)

but, for AB − BA ̸= 0, we obtain

eAeB = exp
(

A + B +
1
2!

[A, B] +
1
3!

1
2
[A − B, [A,B]] − 1

4!
[B, [A, [A,B]]] + · · ·

)
, (1.4.6)

(the Baker-Campbell-Hausdorff formula). Also, we can obtain

eaBAe−aB = A +
a

1!
[B,A] +

a2

2!
[B, [B,A]] + · · · . (1.4.7)

1.5 Determinant

Definition
Determinant detA is defined by

det A = |aij | =
∑

η(R)a1r1a2r2 · · · anrn , (1.5.1)

1O. Cheyette, Phys. Rev. Lett. 55, 2394 (1985).
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where R = (r1, r2, · · · , rn) and η(R) = +1 or η(R) = −1 according as R is even or odd permu-
tation of (1, 2, · · · , n), respectively.

Related formulae

det AT = det A, (1.5.2)

det(AB) = det(BA) = det A det B = det B det A, (1.5.3)

det A−1 = (det A)−1, (1.5.4)

det eA = eTrA, (1.5.5)

log det A = Tr log A. (1.5.6)

For a 2n×2n matrix M , the following formula is also useful: The determinant of the matrix

M =

(
A C

D B

)
(1.5.7)

is given by
detM = det(A − CB−1D) · detB = detA · det(B − DA−1C), (1.5.8)

because(
A C

D B

)
=

(
A − CB−1D CB−1

0 1

) (
1 0
D B

)
=

(
A 0
D 1

) (
1 A−1C

0 B − DA−1C

)
.

(1.5.9)

1.6 Inverse

The inverse of the matrix (1.5.6) is given by(
A C

D B

)−1

=

(
(A − CB−1D)−1 (D − BC−1A)−1

(C − AD−1B)−1 (B − DA−1C)−1

)
. (1.6.1)

This is easily confirmed by calculating MM−1.

1.7 Series expansion

When O(A) ≫ O(B), the matrix (A + B)−1 is expanded as follows:

1
A + B

=
1
A

− 1
A

B
1

A + B

=
1
A

− 1
A

B
1
A

+
1
A

B
1
A

B
1
A

− · · · . (1.7.1)

1.8 Expansion of a mass matrix in terms of rank-1 matrices

[Theorem]
A Hermitian mass matrix M is expressed as

M =
n∑

i=1

miAi, (1.8.1)
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where Ai are rank-1 matrices, and those satisfy the relations

AiAj = δijAi. (1.8.2)

[Proof]
The Hermitian mass matrix M is diagonalized as

U †MU = D ≡ diag(m1, m2,m3, · · · ,mn) =
n∑

i=1

miDi, (1.8.3)

where
D1 = diag(1, 0, 0),
D2 = diag(0, 1, 0),
D3 = diag(0, 0, 1),

(1.4.4)

and so on, so that
DiDj = δijDi. (1.8.5)

Therefore, M is expressed as

M = UDU † =
n∑

i=1

miAi, (1.8.6)

where
Ai = UDiU

†, (1.8.7)

so that the rank-1 matrices Ai satisfy the relations

AiAj = UDiU
†UDjU

† = UδijDiU
† = δijAi. (1.8.8)

[Corollary]
A Hermitian matrix HL = MM † (and also HR = M †M) is expressed as

HL(R) =
n∑

i=1

m2
i Ai, (1.8.9)

where rank-1 matrices Ai satisfy the relations

AiAj = δijAi. (1.8.10)

[Proof]

HL(R) = UL(R)D
2U †

L(R) =
n∑

i=1

m2
i Ai (1.8.11)

where
Ai = UL(R)DiU

†
L(R) (1.8.12)

so that from the discussion similar to (1.8.8) we can confirm the relations (1.8.10).
[Corollary]

The relation (1.8.1) with (1.8.2) and (1.8.9) with (1.8.10) are applicable to the neutrino
mass matrix Mν , which is diagonalized as

U †
νMνU

∗
ν = Dν . (1.8.13)
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[Proof]
If Mν is a real matrix, the matrices Ai in the expression

Mν =
n∑

i=1

miAi, (1.8.14)

are given by
Ai = UνDiU

T
ν , (1.8.15)

where Uν is orthogonal matrix.
If Mν includes complex parameters, the matrices Ai in the expression

MνM
†
ν =

n∑
i=1

m2
i Ai, (1.8.16)

are given by
Ai = UνDiU

†
ν , (1.8.17)

for HL = MνM
†
ν .
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2 Fierz Transformation

The Fierz transformation is very useful for calculating a trace of a matrix. The Fierz
transformation for n × n Hermitian matrices is reviewed.

2.1 General formula

An arbitrary n × n Hermitian matrix A has n2 independent parameters, so that it can be
expanded by n2 independent matrices Fi (i = 0, 1, 2, · · · , n2 − 1) as follows:

A =
n2−1∑
i=0

aiFi, (2.1.1)

where Fi is normalized as
Tr(FiFj) = kδij . (2.1.2)

Then, by solving (2.1.1) inversely, we can obtain

ai =
1
k
Tr(AFi). (2.1.3)

By substituting (2.1.3) for (2.1.1), we obtain

A =
1
k

n2−1∑
i=0

Tr(AFi)Fi. (2.1.4)

When we consider a case
Aαβ = δαρδσβ , (2.1.5)

the relation (2.1.4) leads to a formula

δαρδσβ =
1
k

n2−1∑
i=0

(Fi)αβ(Fi)σρ. (2.1.6)

For arbitrary n × n Hermitian matrices A and B, the following formulae are derived by
using Eq.(2.1.6):

Tr(A)δαβ =
1
k

n2−1∑
i=0

(FiAFi)αβ , (2.1.7)

Tr(A) B =
1
k

n2−1∑
i=0

FiAFiB =
1
k

n2−1∑
i=0

BFiAFi, (2.1.8)

TrA TrB =
1
k

n2−1∑
i=0

Tr(FiAFiB), (2.1.9)

Tr(AB) =
1
k

n2−1∑
i=0

Tr(AFi)Tr(FiB). (2.1.10)
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Usually, the matrix F0 is chosen as

F0 =

√
k

n
1, (2.1.11)

so that the trace of Fk is zero from the definition of Fk, (2.1.2),

Tr(Fk) = 0 (k ̸= 0). (2.1.12)

By choosing A = Fk (k ̸= 0) in Eq.(2.1.7), we obtain

n2−1∑
i=0

FiFkFi = −k

n
Fk (k ̸= 0). (2.1.13)

Also, the formula (2.1.10) is written as

Tr(AB) =
1
n

Tr(A)Tr(B) +
1
k

n2−1∑
i=1

Tr(AFi)Tr(FiB). (2.1.14)

The formula (2.1.14) is known as the Fierz transformation.
If the matrices Fi are matrices of the ad joint representation in U(n), they satisfy the

relation
Tr(FiFj) = T (R)δij , (2.1.15)

where
k = T (R) =

1
2
, (2.1.16)

and the Casimir invariant C2(R) is given by

C2(R) =
n2−1∑
i=0

F 2
i (2.1.17)

where
C2(R) =

n

2
for U(n), (2.1.18)

C2(R) =
n2 − 1

2n
n for SU(n). (2.1.19)

2.2 Case of 2 × 2 matrices

We can choose a unit matrix σ0 and three Pauli matrices σk as 4 matrices Fi:

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0
0 −1

)
, (2.2.1)

which satisfy
Tr(σiσj) = 2δij , (2.2.2)

so that we regard Fi as Fi = (1/2)σi in order to take k = 1/2. Then, we obtain the formula

Tr(AB) =
1
2
Tr(A)Tr(B) +

1
2

3∑
i=k

Tr(Aσk)Tr(σkB). (2.2.3)
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2.3 Case of 3 × 3 matrices

For the case of 3 × 3 matrices, we choose a unit matrix 1 and Gell-Mann’s λ matrices as 9
matrices Fi:

λ0 =
√

2
3


1 0 0
0 1 0
0 0 1

 , λ1 =


0 1 0
1 0 0
0 0 0

 , λ2 =


0 −i 0
i 0 0
0 0 0

 ,

λ3 =


1 0 0
0 −1 0
0 0 0

 , λ4 =


0 0 1
0 0 0
1 0 0

 , λ5 =


0 0 −i

0 0 0
i 0 0

 ,

λ6 =


0 0 0
0 0 1
0 1 0

 , λ7 =


0 0 0
0 0 −i

0 i 0

 , λ8 =
√

1
3


1 0 0
0 1 0
0 0 −2

 , (2.3.1)

which satisfy
Tr(λiλj) = 2δij , (2.3.2)

so that we regard Fi as Fi = (1/2)λi in order to take k = 1/2. Then, we obtain the formula

Tr(AB) =
1
3
Tr(A)Tr(B) +

1
2

8∑
i=k

Tr(Aλk)Tr(λkB), (2.2.3)

from Eq.(2.2.3). For fermion fields ψa (a = 1, 2, 3, 4), we obtain

(ψ1ψ2)(ψ3ψ4) = −1
2

8∑
k=1

(ψ1λkψ4)(ψ3λkψ2), (2.2.4)

where the sign −1 comes from the interchange of the fermion fields. The following formula is
also useful:

4
3
(ψ1ψ2)(ψ3ψ4)−

1
2
(

8∑
k=1

(ψ1λkψ2)(ψ3λkψ4) =
4
3
(ψ1ψ4)(ψ3ψ2)−

1
2
(

8∑
k=1

(ψ1λkψ4)(ψ3λkψ2). (2.2.5)

Note that, in the expressions (2.2.4) and (2.2.5), factors from γ matrices for four spinor fields
ψa must also be taken into consideration as stated in the next section.

2.4 Case of 4 × 4 matrices

Any 4 × 4 matrix can be expanded by 16 independent matrix Γi (i = 0, 1, · · · , 15):

Γi = (1, γ5, γ
0, iγk, iγ0γ5, γ

kγ5, σ
kℓ, σ0k), (2.4.1)

where k, ℓ = 1, 2, 3, and γµ are the so-called γ matrices

γ0 =

(
σ0 0
0 −σ0

)
, γk =

(
0 σk

−σk 0

)
, (2.4.2)

and

γ5 = γ5 = iγ0γ1γ2γ3 =

(
0 σ0

σ0 0

)
. (2.4.3)
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The matrix σµν is defined by

σµν =
i

2
(γµγν − γνγµ). (2.4.4)

Then, the matrices Γi satisfy
Γ2

i = 1, (2.4.5)

Tr(ΓiΓj) = 4δij . (2.4.6)

Therefore, the formula (2.1.6) is explicitly given by

δαρδσβ =
1
4

15∑
i=0

(Γi)αβ(Γi)σρ. (2.4.7)

Here, the sum is symbolically expressed as∑
i

Γi ⊗ Γi = 1 ⊗ 1 + γ5 ⊗ γ5 + γµ ⊗ γµ + γµγ5 ⊗ γµγ5 + σµν ⊗ σµν . (2.4.8)

For four spinor fermion fields ψa, Eq.(2.4.7) gives

(ψ1ψ2)(ψ3ψ4) = −1
4

15∑
i=1

(ψ1Γiψ4)(ψ3Γiψ2) (2.5.9)

where the factor −1 from a fermion field exchange has already be taken into consideration. A
more general case is given as follows:

(ψ1ΓAψ2)(ψ3ΓBψ4) = −1
4

15∑
i=1

(ψ1ΓAΓiΓBψ4)(ψ3Γiψ2). (2.5.10)

The typical cases are as follows:

(ψ1γµψ2)(ψ3γ
µψ4) = −(ψ1ψ4)(ψ3ψ2) + (ψ1γ5ψ4)(ψ3γ5ψ2)

+
1
2
(ψ1γµψ4)(ψ3γ

µψ2) +
1
2
(ψ1γµγ5ψ4)(ψ3γ

µγ5ψ2) (2.5.11)

(ψ1γµ(1 ± γ5)ψ2)(ψ3γ
µ(1 ± γ5)ψ4) = (ψ1γµ(1 ± γ5)ψ4)(ψ3γ

µ(1 ± γ5)ψ2), (2.5.12)

(ψ1γµ(1 ± γ5)ψ2)(ψ3γ
µ(1 ∓ γ5)ψ4) = −2(ψ1γµ(1 ∓ γ5)ψ4)(ψ3γ

µ(1 ± γ5)ψ2), (2.5.13)

(ψ1(1 ± γ5)ψ2)(ψ3(1 ± γ5)ψ4) = −1
2
(ψ1(1 ± γ5)ψ4)(ψ3(1 ± γ5)ψ2)

−1
8
(ψ1(1 ± γ5)σµνψ4)(ψ3(1 ± γ5)σµνψ2), (2.5.14)

(ψ1γµ(1 ± γ5)ψ2)(ψ3γ
µψ4) = −1

2
(ψ1(1 ∓ γ5)ψ4)(ψ3(1 ± γ5)ψ2)

+
1
2
(ψ1γµ(1 ± γ5)ψ4)(ψ3γ

µ(1 ± γ5)ψ2), (2.5.15)

where we have used the formulae for the γ matrices:

γµγµ, (2.5.16)

γµγλγµ = −2γλ, (2.5.17)
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γµγλγργ
µ = 4gλρ, (2.5.18)

γµγλγργσγµ = −2γσγργλ, (2.5.19)

σµνγ5 =
i

2
εµνρσσρσ, (2.5.20)

iσµνγρ = −iεµνρλγλγ5 + γµgνρ − γνgµρ, (2.5.21)

(ε0123 = +1).
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3 Diagonalization of an (m + n) × (m + n) Matrix

We obtain a seesaw type expression from an (m + n) × (m + n) matrix.

3.1 Formulation

The (m + n) × (m + n) matrix

M =

(
A C

D B

)
(3.1.1)

is diagonalized by the following mixing matrices UL and UR:

U †
LMUR =

(
Dm 0
0 Dn

)
(3.1.2)

UL =

(
(1 + ρLρ†L)−

1
2 −ρL(1 + ρ†LρL)−

1
2

ρ†L(1 + ρLρ†L) (1 + ρ†LρL)−
1
2

)
, (3.1.3)

UR =

(
(1 + ρRρ†R)−

1
2 −ρR(1 + ρ†RρR)−

1
2

ρ†R(1 + ρRρ†R) (1 + ρ†RρR)−
1
2

)
, (3.1.4)

where
A : m × m matrix,

B : n × n matrix,

C : m × n matrix,

D : n × m matrix,

Dm : m × m matrix,

Dn : n × n matrix,

ρL/R : m × n matrix.

Here, the matrices Dm and Dn do not mean that they are diagonal.
The expressions (3.1.3) and (3.1.4) automatically satisfy the unitary conditions

UL/RU †
L/R = U †

L/RUL/R = 1. (3.1.5)

Here, for derivation of UU † = 1, we have used the following relations

ρ(1 + ρ†ρ)−1 = (1 + ρρ†)−1ρ. (3.1.6)

ρ†(1 + ρρ†)−1 = (1 + ρ†ρ)−1ρ†. (3.1.7)

3.2 A case of an (m + n) × (m + n) Hermitian mass matrix

When an (m + n)× (m + n) mass matrix M is Hermitian, the mass matrix is expressed as

M =

(
M1 m

m† M2

)
, (3.2.1)
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and the matrix (3.2.1) is diagonalized as follows:2

U †MU =

(
D1 0
0 D2

)
, (3.2.2)

where U is defined by

U =

(
(1 + ρρ†)−

1
2 −ρ(1 + ρ†ρ)−

1
2

ρ†(1 + ρρ†)−
1
2 (1 + ρ†ρ)−

1
2

)
. (3.2.3)

Then, we obtain

(U †MU)12 = (1 + ρρ†)−
1
2 (ρM2 − M1ρ + m − ρm†ρ)(1 + ρ†ρ)−

1
2 , (3.2.4)

(U †MU)11 = (1 + ρρ†)−
1
2 (M1 + ρM2ρ

† + mρ† + ρm†)(1 + ρρ†)−
1
2 , (3.2.5)

(U †MU)22 = (1 + ρ†ρ)−
1
2 (ρ†M1ρ + M2 − ρ†m − m†ρ)(1 + ρ†ρ)−

1
2 , (3.2.6)

From Eq.(3.2.4), we get the condition for the matrix ρ,

ρM2 − M1ρ + m − ρm†ρ = 0. (3.2.7)

Then, we obtain expressions for D1 and D2,

D1 = (1 + ρρ†)−
1
2 (M1 + ρm†)(1 + ρρ†)+

1
2 , (3.2.8)

D2 = (1 + ρ†ρ)+
1
2 (M2 − m†ρ)(1 + ρ†ρ)−

1
2 . (3.2.9)

3.3 Seesaw approximation

We consider a case
O(M2) ≫ O(m) ≫ O(M1). (3.3.1)

From Eq.(3.2.7), we approximate

ρ = (m − M1ρ)(M2 − m†ρ)−1 ≃ (m + M1mM−1
2 )M−1

2 (1 − m†mM−2
2 ). (3.3.2)

Since
ρρ† ≃ mM−2

2 m†, (3.3.3)

(1 + ρρ†)−
1
2 ≃ 1 − 1

2
mM−2

2 m†, (3.3.4)

we obtain
D1 ≃

(
1 − 1

2
mM−2

2 m†
)

(M1 − mM−1
2 m†)

(
1 − 1

2
mM−2

2 m†
)

≃ M1 −
1
2

(
mM−2

2 m†M1 + M1mM−2
2 m†

)
−mM−1

2 m† +
1
2

(
mM−1

2 m†mM−2
2 m† + mM−2

2 m†mM−1
2 m†

)
, (3.3.5)

from Eq. (3.2.8). And also, from Eq. (3.2.9) and

ρ†ρ ≃ M−1
2 m†mM−1

2 , (3.3.6)
2See Appendix in Y. Koide and H. Fusaoka, Z. Phys. C71, 459 (1996).
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we obtain

D2 ≃
(
1 +

1
2
M−1

2 m†mM−1
2

)
(M2 + m†mM−1

2 )
(
1 − 1

2
M−1

2 m†mM−1
2

)

≃ M2 +
1
2
m†mM−1

2 +
1
2
M−1

2 m†m. (3.3.7)

The mixing matrix U , (3.2.3), is given by

U ≃

 1 − 1
2mM−2

2 m† mM−1
2

(
1 − 1

2M−1
2 m†mM−1

2

)
−M−1

2 m†
(
1 − 1

2mM−2
2 m†

)
1 − 1

2M−1
2 m†mM−1

2

 (3.3.8)
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4 General Formulae for 3 × 3 Matrices

General formulae for arbitrary 3 × 3 matrices are given.

4.1 Determinant

For a 3 × 3 matrix A, the determinant of A is given by

detA =
1
3
Tr(A3) − 1

2
Tr(A2)TrA +

1
6

(TrA)3

=
1
3

[
Tr(A3) − (TrA)3

]
− 1

2

[
Tr(A2) − (TrA)2

]
TrA. (4.1.1)

For a traceless matrix A0

A0 = A − 1
3
Tr(A) · 1, (4.1.2)

we obtain
detA0 =

1
3
Tr(A3

0). (4.1.3)

From Eq. (4.1.2), we can express detA as

detA − detA0 =
1
27

(TrA)3 − 1
6
Tr(A2

0)TrA =
5
54

(TrA)3 − 1
6
Tr(A2)TrA. (4.1.4)

4.2 Trace

For arbitrary 3 × 3 matrices A and B, the trace of the matrix AB is given by

Tr(AB) =
1
3
TrATrB +

1
2

8∑
a=1

Tr(Aλa)Tr(Bλa), (4.2.1)

where λa are Gell-Mann’s λ matrices,

λ1 =


0 1 0
1 0 0
0 0 0

 , λ2 =


0 −i 0
i 0 0
0 0 0

 ,

λ4 =


0 0 1
0 0 0
1 0 0

 , λ5 =


0 0 −i

0 0 0
i 0 0

 ,

λ6 =


0 0 0
0 0 1
0 1 0

 , λ7 =


0 0 0
0 0 −i

0 i 0

 ,

λ3 =


1 0 0
0 −1 0
0 0 0

 , λ8 =
1√
3


1 0 0
0 1 0
0 0 −2

 , (4.2.2)

which satisfy the relations
Tr(λa) = 0, (4.2.3)
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Tr(λaλb) = 2δab. (4.2.4)

If the 3 × 3 matrices A, B, C and D have the same traces, i.e.

TrA = TrB = TrC = TrD, (4.2.5)

those satisfy the relation

Tr(ABCD + ACBD + ABDC + ACDB + ADBC + ADCB)

= Tr(AB)Tr(CD) + Tr(AC)Tr(BD) + Tr(AD)Tr(BC). (4.2.6)

For the case with A = C and B = D, we obtain

4Tr(A2B2) + 2Tr(ABAB) = 2Tr(AB)Tr(AB) + Tr(A2)Tr(B2). (4.2.7)

For the case of A = B, we obtain

Tr(A4) =
1
2

(
Tr(A2)

)2
. (4.2.8)

If the matrix A is not traceless, then we can define a traceless matrix A0 as

A0 = A − 1
3
Tr(A) · 1, (4.2.9)

so that we can derive formulae for non-traceless matrices correspondingly to Eqs. (4.2.6) –
(4.2.8). Here, it is useful to use a formula

A0B0 = AB − 1
3
Tr(A) · B − 1

3
A · TrB +

1
9
Tr(A)Tr(B) · 1. (4.2.10)

For example, we obtain

Tr[A0B0] = Tr[AB] − 1
3
Tr[A]Tr[B], (4.2.11)

Tr[A0B0C0] = Tr[ABC] − 1
3
Tr[A]Tr[BC] − 1

3
Tr[B]Tr[CA]

−1
3
Tr[C]Tr[AB] +

2
9
Tr[A]Tr[B]Tr[C], (4.2.12)

Tr[A3
0] = Tr[A3] − Tr[A]Tr[A2] +

2
9
(Tr[A])3, (4.2.13)

and so on.

4.3 Hermitian matrix

[Theorem]
An arbitrary Hermitian matrix A satisfies the relation

A3 − TrA · A2 +
1
2

[
(TrA)2 − Tr(A2)

]
A − detA = 0, (4.3.1)

[Proof]
The Hermitian matrix A is diagonalized as

U †AU = D ≡ diag(a1, a2, a3). (4.3.2)
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The eigenvalues ai satisfy the relations

a3
i − (a1 + a2 + a3)a2

i + (a1a2 + a2a3 + a3a1)ai − a1a2a3 = 0, (4.3.3)

i.e.
a3

i − TrA · a2
i +

1
2

[
(TrA)2 − Tr(A2)

]
· ai − detA = 0, (4.3.4)

because
TrA = a1 + a2 + a3, (4.3.5)

csiA ≡ 1
2

[
(TrA)2 − Tr(A2)

]
= a1a2 + a2a3 + a3a1, (4.3.6)

detA = a1a2a3. (4.3.7)

(The function csiA has, for example, been used by Laboura3.) The relation (4.3.4) means

D3 − TrA · D2 +
1
2

[
(TrA)2 − Tr(A2)

]
D − detA = 0, (4.3.8)

so that we obtain the relation (4.3.1).
[Corollary]

When we denote
c1 = TrA, (4.3.9)

c2 =
1
2

[
(TrA)2 − Tr(A2)

]
, (4.3.10)

c3 = detA, (4.3.11)

we can denote Tr(An) as follows:
TrA = c1, (4.3.12)

Tr(A2) = c2
1 − 2c2, (4.3.13)

Tr(A3) = c1Tr(A2) − c2TrA + 3c3

= c3
1 − 3c1c2 + 3c3, (4.3.14)

Tr(A4) = c1Tr(A3) − c2Tr(A2) + c3TrA

= c4
1 − 4c2

1c2 + 4c1c3 + 2c2
2, (4.3.15)

Tr(A5) = c5
1 − 5c3

1c2 + 5c2
1c3 + 5c1c

2
2 − 5c2c3 (4.3.16)

Tr(A6) = c6
1 − 6c4

1c2 + 6c3
1c3 + 9c2

1c
2
2 − 12c1c2c3 − 2c3

2 + 3c2
3, (4.3.17)

and so on, by using

Tr(An+3) − c1Tr(An+2) + c2Tr(An+1) − c3Tr(An) = 0. (4.3.18)

[Corollary]
The expressions in terms of

t1 = TrA,

t2 = Tr(AA),
t3 = Tr(AAA),

(4.3.19)

3L. Laboura, Phys. Rev. D41, 2275 (1990).
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are also useful:
c2 =

1
2
t21 −

1
2
t2, (4.3.20)

c3 ≡ detA =
1
6
t31 −

1
2
t1t2 +

1
3
t3, (4.3.21)

t4 ≡ Tr(AAAA) =
1
6
t41 − t21t2 +

1
2
t22 +

4
3
t1t3, (4.3.22)

A3 − t1A
2 +

1
2
(t21 − t2)A − 1

6
(t31 − 3t1t2 + 2t3) = 0, (4.3.23)

A3+n − t1A
2+n +

1
2
(t21 − t2)A1+n − 1

6
(t31 − 3t1t2 + 2t3)An = 0. (4.3.24)

4.4 Unitary matrix

An arbitrary 3 × 3 unitary matrix U satisfies the relations

UilUjm − UimUjl = U∗
kn = (U †)nk, (4.4.1)

UilUimU∗
jlU

∗
jm =

1
2

[
(UikU

∗
jk)

2 − (UilU
∗
jl)

2 − (UimU∗
jm)2

]
, (4.4.2)

Re(UilUjmU∗
imUjl) =

1
2

(
|Uin|2|Ujn|2 − |Uil|2|Ujl|2 − |Uim|2|Ujm|2

)
, (4.4.3)

where (i, j, k) and (l, m, n) are cyclic permutations of (1, 2, 3). The formula (4.4.1) explicitly
means

U12U23 − U13U22 = U∗
31, (4.4.4)

U13U21 − U11U23 = U∗
32, (4.4.5)

and so on.

4.5 Derivatives

Derivatives of a scalar function f(A) with respective to a 3×3 matrix A are given as follows:

∂

∂A
TrA = 1, (4.5.1)

∂

∂A
Tr(AA) = 2A, (4.5.2)

∂

∂A
Tr(AAA) = 3AA, (4.5.3)

∂

∂A
Tr(BA) = B, (4.5.4)

∂

∂A
Tr(BAA) = BA + AB, (4.5.5)

∂

∂A
Tr(BAAA) = BAA + ABA + AAB, (4.5.6)

and so on, where
∂

∂A
f(A) = G, (4.5.7)
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denotes
∂

∂Aab
f(A) = Gba. (4.5.8)

Since derivative of a matrix GF with respective to A is given by

∂(GF )ij

∂Aab
=

∑
k

∂Gik

∂Aab
Fkj +

∑
k

Gik
∂Fkj

∂Aab
, (4.5.9)

we obtain the following formulae:
∂

∂A
A = 1, (4.5.10)

∂

∂A
AA = 1 ⊗ A + A ⊗ 1, (4.5.11)

∂

∂A
AAA = 1 ⊗ AA + A ⊗ A + A ⊗ 1, (4.5.12)

∂

∂A
BA = B ⊗ A, (4.5.13)

∂

∂A
BAA = B ⊗ A + BA ⊗ 1, (4.5.14)

∂

∂A
BAAA = B ⊗ A + BA ⊗ A + BAA ⊗ 1, (4.5.15)

and so on, where, for example, the formula (4.5.11) denotes

∂

∂Aab
(AA)ij = δiaAbj + Aiaδbj . (4.5.16)

4.6 S = εikmεjℓnAijBkℓCmn

In some models, a cubic term

S = εikmεjℓnAijBkℓCmn, (4.6.1)

becomes important. For example, if A, B and C are octets of an SU(3) symmetry, the matrix
S is a singlet of the SU(3). In an SO(3), S is also a singlet of the symmetry.

It is useful to express the matrix S in terms of traces of A, B and C. The matrix S can be
expressed as follows:

S = Tr[ABC +CBA]−Tr[A]Tr[BC]−Tr[B]Tr[CA]−Tr[C]Tr[AB] +Tr[A]Tr[B]Tr[C]. (4.6.2)

The quantity S is totally symmetric under an exchange among A, B and C.
[Proof]

We can write S explicitly as

S =
∑

(1,2,3)

∑
(i,j,k)

[(Ai1Bk2 − Ai2Bk1) − (Ak1Bi2 − Ak1Bi1)]Cm3, (4.6.3)
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where (i, j, k) denotes cyclic permutation of (1, 2, 3), and
∑

(1,2,3) denotes
∑

(1,2,3) X12a3 =
X12a3 + X23a1 + X31a2. For example, the coefficient of C23 is given by

A31B12 + A12B31 − A32B11 − A11B32

= A31B12 + A12B31 − A32B11 − A11B32

+A32B22 + A22B32 − A32B22 − A22B32

+A33B32 + A32B33 − A32B33 − A33B32

= (AB)32 + (BA)32 − A32Tr[B] − Tr[A]B32.

(4.6.3)

Also, we can find that the coefficient of C33

A11B22 + A22B11 − A12B21 − A21B12, (4.6.4)

can be written as

(AB)33 + (BA)33 − A33Tr[B] − Tr[A]B33 + Tr[A]Tr[B] − Tr[AB]. (4.6.5)

Therefore, in generally, the coefficient of Cij can be expressed as

(AB)ji + (BA)ji − AjiTr[B] − Tr[A]Bji + δji (Tr[A]Tr[B] − Tr[AB]) , (4.6.6)

so that we can obtain the formula (4.6.2).

[Corollary]
For B = C, we obtain

S = 2Tr[ABB] − Tr[A]Tr[BB] − 2Tr[B]Tr[BA] + Tr[A]Tr2[B]. (4.6.7)

Also, for A = B = C, we obtain

S = 2Tr[AAA] − 3Tr[A]Tr[AA] + Tr3[A]. (4.6.8)

By comparing with (4.1.1), we find
S = 6detA. (4.6.9)
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5 Eigenvalues of an Arbitrary 3 × 3 Matrix

General formulae for eigenvalues of an arbitrary 3 × 3 Hermitian matrix are given. The
formulae are useful for investigating the mass spectrum of the 3 × 3 mass matrix.

5.1 General case

For convenience, we denote the case that the matrix M is Hermitian. If it is not so, we can
make a Hermitian matrix by MM † (or M †M).

Generally, the eigenvalues xi (i = 1, 2, 3) are given by solutions of the cubic equation

x3 − ax2 + bx − c = 0, (5.1.1)

where
a = TrM, (5.1.2)

b =
1
2

[
(TrM)2 − TrM2

]
, (5.1.3)

c = detM. (5.1.4)

Since M is a 3 × 3 matrix, we can rewrite detM as

c =
1
3
TrM3 − 1

2
TrMTrM2 +

1
6
(TrM)3. (5.1.5)

When we define
y = x − 1

3
a, (5.1.6)

we obtain a cubic equation
y3 − 3py − q = 0, (5.1.7)

where
p =

1
9
(a2 − 3b), (5.1.8)

q =
1
27

(2a3 − 9ab + 27c). (5.1.9)

Then, from the Cardano’s formula, we obtain the following solutions yi (i = 1, 2, 3)

y1 = α + β,

y2 = ωα + ω2β,

y3 = ω2α + ωβ,

(5.1.10)

where

ω = ei 2
3
π =

−1 + i
√

3
2

, (5.1.11)

α =

(
q +

√
q2 − 4p3

2

) 1
3

, β =

(
q −

√
q2 − 4p3

2

) 1
3

. (5.1.12)
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Therefore, we obtain the following solutions xi (= λi)

x1 = 1
3a + α + β,

x2 = 1
3a + ωα + ω2β,

x3 = 1
3a + ω2α + ωβ,

(5.1.13)

Note that
y1 + y2 + y3 = 0, (5.1.14)

so that
x1 + x2 + x3 = a. (5.1.15)

The result (4.1.14) is a matter of course, because

a = TrM = λ1 + λ2 + λ3. (5.1.16)

5.2 Real eigenvalues

From the definitions of α and β, (4.1.12), we find that we can obtain three real solutions
yi (xi) only for the case with

p > 0 and 4p3 − q2 > 0. (5.2.1)

Under the condition (5.2.1), we can write

α3 =
1
2

(
q + i

√
4p3 − q2

)
= r3ei3θ,

β3 =
1
2

(
q − i

√
4p3 − q2

)
= r3e−i3θ, (5.2.2)

where
r6 = α3β3 =

1
4

[
q2 − (q2 − 4p3)

]
= p3, (5.2.3)

i.e.
r =

√
p, (5.2.4)

and

tan 3θ =
Imα3

Re α3
=

√
4p3 − q2

q
, (5.2.5)

i.e.
cos 3θ = ± 1

2r3
q, sin 3θ = ± 1

2r3

√
4p3 − q2. (5.2.6)

Therefore, we obtain
y1 = α + β = 2r cos θ,

y2 = ωα + ω2β = 2r cos
(
θ + 2

3π
)

,

y3 = ω2α + ωβ = 2r cos
(
θ − 2

3π
)

.

(5.2.7)

From Eqs. (5.1.2)–(5.1.4), we can denote

p =
1
9
a2 − 1

3
b =

1
18

[
3TrM2 − (TrM)2

]
, (5.2.8)
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i.e.
r =

1
3
√

2

√
3TrM2 − (TrM)2, (5.2.9)

and
q =

2
27

a3 − 1
3
ab + c = − 5

54
(TrM)3 +

9
54

TrMTrM2 + detM. (5.2.10)

In conclusion, we obtain the eigenvalues xi of M

x1 = 1
3a + 2r cos θ,

x2 = 1
3a + 2r cos(θ + 2

3π),
x3 = 1

3a + 2r cos(θ − 2
3π).

(5.2.11)

Note that
detM = x1x2x3 =

1
27

a3 + ar2 + 2r3 cos 3θ. (5.2.12)

The relation (5.2.12) will be useful for evaluation of the value of θ.

5.3 Formulae for 3 eigenvalues

As we discussed in Sec.4.2, especially, in Eq.(5.2.11), it is useful to express the 3 eigenvalues
as

x1 = a√
6
− b√

3
sin θ,

x2 = a√
6
− b√

3
sin(θ + 2

3π),

x3 = a√
6
− b√

3
sin(θ + 4

3π).

(5.3.1)

Here, we have redefined the parameters a and θ against Eq.(5.2.11). From the expression (5.3.1),
we obtain the following relations:

TrM = x1 + x2 + x3 =
√

3
2
a, (5.3.2)

TrM2 = x2
1 + x2

2 + x2
3 =

1
2
(a2 + b2), (5.3.3)

1
2

[
(TrM)2 − TrM2

]
= x1x2 + x2x3 + x3x1 =

1
4
(2a2 − b2), (5.3.4)

detM = x1x2x3 =
1

24
√

3

[√
2a(2a2 − 3b2) + 2b3 sin 3θ

]
, (5.3.5)

TrM4 = x4
1 + x4

2 + x4
3 =

1
24

(2a4 + 12a2b2 + 3b4 + 4
√

2ab3 sin 3θ). (5.3.6)

Note that the quantities Σxi and Σx2
i are independent of the parameter θ.
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6 Matrix Form Under a Specific Rotation

We give matrix forms which are transformed by a specific 3-dimensional rotation.

6.1 Rotation in a two-dimensional plain

We define the following two-dimensional rotations

R1 =


1 0 0
0 c s

0 −s c

 , (6.1.1)

R2 =


c 0 s

0 1 0
−s 0 c

 , (6.1.2)

R3 =


c s 0
−s c 0
0 0 1

 , (6.1.3)

where s = sin θ and c = cos θ. Then, the matrix M

M =


M11 M12 M13

M21 M22 M23

M31 M32 M33

 (6.1.4)

is transformed as follows:

RT
1 MR1 =


M11 M12c − M13s M13c + M12s

M21c − M31s M22c
2 + M33s

2 − (M23 + M32)cs (M22 − M33)cs + M23c
2 − M32s

2

M31c + M21s (M22 − M33)cs + M32c
2 − M23s

2 M22s
2 + M33c

2 + (M23 + M32)cs

 ,

(6.1.5)

RT
2 MR2 =


M11c

2 + M33s
2 − (M13 + M31)cs M12c − M32s M13c

2 − M31s
2 + (M11 − M33)cs

M21c − M23s M22 M23c + M21s

M31c
2 − M13s

2 + (M11 − M33)cs M32c + M12s M11s
2 + M33c

2 + (M13 + M31)cs

 ,

(6.1.6)

RT
3 MR3 =


M11c

2 + M22s
2 − (M12 + M21)cs M12c

2 − M21s
2 + (M11 − M22)cs M13c − M23s

M21c
2 − M12s

2 + (M11 − M22)cs M11s
2 + M22c

2 + (M12 + M21)cs M23c + M13s

M31c − M32s M32c + M31s M33

 .

(6.1.7)
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6.2 Rotation into an S3 basis　　　

Under the rotation

U =


1 0 0

0
√

1
3 −

√
2
3

0
√

2
3

√
1
3




√
1
2 −

√
1
2 0√

1
2

√
1
2 0

0 0 1

 =


1√
2

− 1√
2

0
1√
6

1√
6

− 2√
6

1√
3

1√
3

1√
3

 , (6.2.1)

matrices M are transformed as shown in Table 6.2.1.

Table 6.2.1 Rotation into an S3 basis

M UMUT UT MU Eq. No.
1 0 0
0 0 0
0 0 0

 1
6


3

√
3

√
6√

3 1
√

2√
6

√
2 2

 1
2


1 −1 0
−1 1 0
0 0 0

 (6.2.2)


0 0 0
0 1 0
0 0 0

 1
6


3 −

√
3 −

√
6

−
√

3 1
√

2
−
√

6
√

2 2

 1
6


1 1 −2
1 1 −2
−2 −2 4

 (6.2.3)


0 0 0
0 0 0
0 0 1

 1
3


0 0 0
0 2 −

√
2

0 −
√

2 1

 1
3


1 1 1
1 1 1
1 1 1

 (6.2.4)


0 1 0
1 0 0
0 0 0

 1
3


−3 0 0
0 1

√
2

0
√

2 2

 1√
3


1 0 −1
0 −1 1
−1 1 0

 (6.2.5)


0 0 1
0 0 0
1 0 0

 1
6


0 −2

√
3

√
6

−2
√

3 −4 −
√

2√
6 −

√
2 4

 1√
6


2 0 1
0 −2 −1
1 −1 0

 (6.2.6)


0 0 0
0 0 1
0 1 0

 1
6


0 2

√
3 −

√
6

2
√

3 −4 −
√

2
−
√

6 −
√

2 4

 1
3
√

2


2 2 −1
2 2 −1
−1 −1 −4

 (6.2.7)


1 0 0
0 −1 0
0 0 0

 1
3


0

√
3

√
6√

3 0 0√
6 0 0

 1
3


1 −2 1
−2 1 1
1 1 −2

 (6.2.8)


1 0 0
0 1 0
0 0 −2




1 0 0
0 −1

√
2

0
√

2 0

 −


0 1 1
1 0 1
1 1 0

 (6.2.9)
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M UMUT UT MU Eq. No.
1 1 1
1 1 1
1 1 1

 3


0 0 0
0 0 0
0 0 1

 (6.2.10)


1 1 0
1 1 0
0 0 1

 1
3


0 0 0
0 4

√
2

0
√

2 5

 1√
3


√

3 + 1 0 −1
0

√
3 − 1 1

−1 1
√

3

 (6.2.11)


1 1 −1
1 1 −1
−1 −1 1

 1
3


0 0 0
0 8 2

√
2

0 2
√

2 1

 (6.2.12)


0 0 −1
0 0 1
−1 1 0

 √
3

3


0 2 −

√
2

2 0 0
−
√

2 0 0

 (6.2.13)


1 0 −1
0 −1 1
−1 1 0

 √
3


0 1 0
1 0 0
0 0 0

 (6.2.14)


0 1 0
−1 0 0
0 0 0

 1√
3


0 1

√
2

−1 0 0
−
√

2 0 0

 1√
3


0 1 −1
−1 0 1
1 −1 0

 (6.2.15)


0 0 1
0 0 0
−1 0 0

 1√
6


0 −

√
2 1√

2 0
√

3
−1 −

√
3 0

 1√
6


0 2 1
−2 0 −1
−1 1 0

 (6.2.16)


0 0 0
0 0 1
0 −1 0

 1√
6


0

√
2 −1

−
√

2 0
√

3
1 −

√
3 0

 1√
2


0 0 1
0 0 1
−1 −1 0

 (6.2.17)
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6.3 Bi-maximal mixing

Under the bi-maximal mixing

U =


1
2

1
2

1√
2

1
2

1
2 − 1√

2
1√
2

− 1√
2

0

 =


1 0 0
0 0 1
0 1 0




1√
2

0 1√
2

0 1 0
1√
2

0 − 1√
2




1√
2

1√
2

0
1√
2

− 1√
2

0

0 0 1

 = UT , (6.3.1)

matrices M are transformed as shown in Table 6.3.1.
Table 6.3.1 Rotation under the bi-maximal mixing

M UMUT = UT MU Eq. No.
1 0 0
0 0 0
0 0 0

 1
4


1 1

√
2

1 1
√

2√
2

√
2 2

 (6.3.2)


0 0 0
0 1 0
0 0 0

 1
4


1 1 −

√
2

1 1 −
√

2
−
√

2 −
√

2 2

 (6.3.3)


0 0 0
0 0 0
0 0 1

 1
2


1 −1 0
−1 1 0
0 0 0

 (6.3.4)


0 1 0
1 0 0
0 0 0

 1
2


1 1 0
1 1 0
0 0 −2

 (6.3.5)


0 0 1
0 0 0
1 0 0

 1
2


√

2 0 1
0 −

√
2 −1

1 −1 0

 (6.3.6)


0 0 0
0 0 1
0 1 0

 1
2


√

2 0 −1
0 −

√
2 1

−1 1 0

 (6.3.7)


0 0 1
0 0 −1
1 −1 0




0 0 1
0 0 −1
1 −1 0

 (6.3.8)


0 1 0
−1 0 0
0 0 0

 1√
2


0 0 −1
0 0 −1
1 1 0

 (6.3.9)
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M UMUT = UT MU Eq. No.
0 0 1
0 0 0
−1 0 0

 1
2


0 −

√
2 −1√

2 0 1
1 −1 0

 (6.3.10)


0 0 0
0 0 1
0 −1 0

 1
2


0 −

√
2 1√

2 0 −1
−1 1 0

 (6.3.11)


1 0 0
0 −1 0
0 0 0

 1√
2


0 0 1
0 0 1
1 1 0

 (6.3.12)


1 0 0
0 1 0
0 0 0

 1
2


1 1 0
1 1 0
0 0 2

 (6.3.13)


1 0 0
0 1 0
0 0 −2

 1
2


−1 3 0
3 −1 0
0 0 2

 (6.3.14)


0 0 1
0 0 1
1 1 0

 √
2


1 0 0
0 −1 0
0 0 0

 (6.3.15)


1 1 0
1 1 0
0 0 0




1 1 0
1 1 0
0 0 0

 (6.3.16)


1 1 1
1 1 1
1 1 1

 1
2


3 + 2

√
2 1 0

1 3 − 2
√

2 0
0 0 0

 (6.3.17)


1 1 i

1 1 i

−i −i 1

 1
2


3 1 − 2

√
2i 0

1 + 2
√

2i 3 0
0 0 0

 (6.3.18)


0 0 eiϕ

0 0 eiϕ

e−iϕ e−iϕ 0

 √
2


cos ϕ −i sinϕ 0
i sinϕ − cos ϕ 0

0 0 0

 (6.3.19)


0 0 eiϕ

0 0 e−iϕ

e−iϕ eiϕ 0




√
2 cos ϕ 0 −i sinϕ

0 −
√

2 cos ϕ i sinϕ

i sinϕ −i sinϕ 0

 (6.3.20)
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6.4 Formulae on the tri-maximal mixing

6.4.1 Definition
The tri-maximal mixing matrix VT is defined by

VT =
1√
3


1 1 1
ω ω2 1
ω2 ω 1

 , V †
T =

1√
3


1 ω2 ω

1 ω ω2

1 1 1

 , (6.4.1)

where

ω = ei 2
3
π =

−1 + i
√

3
2

, (6.4.2)

ω3 = 1 , (6.4.3)

1 + ω + ω2 = 0 . (6.4.4)

The matrix VT satisfies the following relations

(VT )2 =


0 0 1
0 ω 0
ω2 0 0

 , (6.4.5)

(VT )4 = ω2


1 0 0
0 1 0
0 0 1

 . (6.4.6)

6.4.2 Transformation VT MV †
T

The matrix forms under the transformation VT MV †
T are given as follows:

VT


1 0 0
0 0 0
0 0 0

 V †
T =

1
3


1 ω2 ω

ω 1 ω2

ω2 ω 1

 , (6.4.7)

VT


0 0 0
0 1 0
0 0 0

 V †
T =

1
3


1 ω ω2

ω2 1 ω

ω ω2 1

 , (6.4.8)

VT


0 0 0
0 0 0
0 0 1

 V †
T =

1
3


1 1 1
1 1 1
1 1 1

 , (6.4.9)

VT


0 1 0
1 0 0
0 0 0

 V †
T =

1
3


2 −1 −1
−1 −1 2
−1 2 −1

 , (6.4.10)

VT


0 0 1
0 0 0
1 0 0

 V †
T =

1
3


2 −ω −ω2

−ω2 −1 2ω

−ω 2ω2 −1

 , (6.4.11)
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VT


0 0 0
0 0 1
0 1 0

 V †
T =

1
3


2 −ω2 −ω

−ω −1 2ω2

−ω2 2ω −1

 , (6.4.12)

VT


1 0 0
0 0 1
0 1 0

 V †
T =


1 0 0
0 0 ω2

0 ω 0

 , (6.4.13)

VT


0 0 1
0 1 0
1 0 0

 V †
T =


1 0 0
0 0 ω

0 ω2 0

 , (6.4.14)

VT


0 1 0
1 0 0
0 0 1

 V †
T =


1 0 0
0 0 1
0 1 0

 , (6.4.15)

VT


0 1 0
−1 0 0
0 0 0

 V †
T =

1
3


0 ω − ω2 ω2 − ω

ω − ω2 ω2 − ω 0
ω2 − ω 0 ω − ω2

 , (6.4.16)

VT


0 0 −1
0 0 0
1 0 0

 V †
T =

1
3


0 ω2 − 1 ω − 1

1 − ω ω2 − ω 0
1 − ω2 0 ω − ω2

 , (6.4.17)

VT


0 0 0
0 0 1
0 −1 0

 V †
T =

1
3


0 1 − ω 1 − ω2

ω2 − 1 ω2 − ω 0
ω − 1 0 ω − ω2

 , (6.4.18)

VT


0 1 1
1 0 1
1 1 0

 V †
T =


2 0 0
0 −1 0
0 0 −1

 , (6.4.19)

VT


0 1 −1
−1 0 1
1 −1 0

 V †
T = (ω2 − ω)


0 0 0
0 1 0
0 0 −1

 , (6.4.20)

VT


1 0 0
0 ω 0
0 0 ω2

 V †
T = ω2


0 1 0
0 0 1
1 0 0

 , (6.4.21)

VT


1 0 0
0 ω2 0
0 0 ω

 V †
T = ω


0 0 1
1 0 0
0 1 0

 . (6.4.22)

6.4.3 Transformation V †
T MVT
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The matrix forms under the transformation V †
T MVT are given as follows:

V †
T


1 0 0
0 0 0
0 0 0

 VT =
1
3


1 1 1
1 1 1
1 1 1

 , (6.4.23)

V †
T


0 0 0
0 1 0
0 0 0

 VT =
1
3


1 ω ω2

ω2 1 ω

ω ω2 1

 , (6.4.24)

V †
T


0 0 0
0 0 0
0 0 1

 VT =
1
3


1 ω2 ω

ω 1 ω2

ω2 ω 1

 , (6.4.25)

V †
T


0 1 0
1 0 0
0 0 0

 VT =
1
3


−1 2ω2 −ω

2ω −1 −ω2

−ω2 −ω 2

 , (6.4.26)

V †
T


0 0 1
0 0 0
1 0 0

 VT =
1
3


−1 2ω −ω2

2ω2 −1 −ω

−ω −ω2 2

 , (6.4.27)

V †
T


0 0 0
0 0 1
0 1 0

 VT =
1
3


−1 2 −1
2 −1 −1
−1 −1 2

 , (6.4.28)

V †
T


0 1 0
−1 0 0
0 0 0

 VT =
1
3


ω − ω2 0 1 − ω2

0 ω2 − ω 1 − ω

ω − 1 ω2 − 1 0

 , (6.4.29)

V †
T


0 0 −1
0 0 0
1 0 0

 VT =
1
3


ω − ω2 0 ω − 1

0 ω2 − ω ω2 − 1
1 − ω2 1 − ω 0

 , (6.4.30)

V †
T


0 0 0
0 0 1
0 −1 0

 VT =
1
3


ω − ω2 0 ω2 − ω

0 ω2 − ω ω − ω2

ω2 − ω ω − ω2 0

 , (6.4.31)

V †
T


0 1 1
1 0 1
1 1 0

 VT =


−1 0 0
0 −1 0
0 0 2

 , (6.4.32)

V †
T


0 1 −1
−1 0 1
1 −1 0

 VT = (ω − ω2)


1 0 0
0 −1 0
0 0 0

 , (6.4.33)
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V †
T


1 0 0
0 ω 0
0 0 ω2

 VT =


0 0 1
1 0 0
0 1 0

 . (6.4.34)

6.4.4 Transformation VT MV T
T

The matrix forms under the transformation VT MV T
T are given as follows:

VT


1 0 0
0 1 0
0 0 1

 V T
T =


1 0 0
0 0 1
0 1 0

 , (6.4.35)

VT


0 1 1
1 0 1
1 1 0

 V T
T =


2 0 0
0 0 −1
0 −1 0

 , (6.4.36)

VT


1 0 0
0 ω 0
0 0 ω2

 V T
T = ω2


0 0 1
0 1 0
1 0 0

 , (6.4.37)

VT


1 0 0
0 ω2 0
0 0 ω

 V T
T = ω


0 1 0
1 0 0
0 0 1

 , (6.4.38)

VT


1 0 0
0 0 1
0 1 0

 V T
T =


1 0 0
0 ω2 0
0 0 ω

 , (6.4.39)

　

VT


0 0 1
0 1 0
1 0 0

 V T
T =


1 0 0
0 ω 0
0 0 ω2

 , (6.4.40)

VT


0 1 0
1 0 0
0 0 1

 V T
T =


1 0 0
0 1 0
0 0 1

 , (6.4.41)

VT


0 1 0
0 0 1
1 0 0

 V T
T =


1 0 0
0 0 ω2

0 ω 0

 , (6.4.42)

VT


0 0 1
1 0 0
0 1 0

 V T
T =


1 0 0
0 0 ω

0 ω2 0

 , (6.4.43)

VT


0 1 −1
−1 0 1
1 −1 0

 V T
T = (ω2 − ω)


0 0 0
0 0 1
0 −1 0

 , (6.4.44)
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VT


0 0 0
0 0 0
0 0 1

 V T
T =

1
3


1 1 1
1 1 1
1 1 1

 . (6.4.45)

6.4.5 Transformation V †
T MV ∗

T

The matrix forms under the transformation V †
T MV ∗

T are given as follows:

V †
T


1 0 0
0 1 0
0 0 1

 V ∗
T =


0 1 0
1 0 0
0 0 1

 , (6.4.46)

V †
T


0 1 1
1 0 1
1 1 0

 V ∗
T =


0 −1 0
−1 0 0
0 0 2

 , (6.4.47)

V †
T


1 0 0
0 ω 0
0 0 ω2

 V ∗
T =


0 0 1
0 1 0
1 0 0

 , (6.4.48)

V †
T


1 0 0
0 ω2 0
0 0 ω

 V ∗
T =


1 0 0
0 0 1
0 1 0

 , (6.4.49)

V †
T


0 1 0
1 0 0
0 0 1

 V ∗
T =


ω2 0 0
0 ω 0
0 0 1

 , (6.4.50)

V †
T


1 0 0
0 0 1
0 1 0

 V ∗
T =


1 0 0
0 1 0
0 0 1

 . (6.4.51)

6.4.6 Transformation for a circulant matrix
When we define a circulant matrix T (θ) as

T (θ) =


0 eiθ e−iθ

e−iθ 0 eiθ

eiθ e−iθ 0

 = T †(θ) , (6.4.52)

we obtain the following relations:

VT T (θ)V †
T = cos θ


2 0 0
0 −1 0
0 0 −1

 +
√

3 sin θ


0 0 0
0 1 0
0 0 −1

 , (6.4.53)

V †
T T (θ)VT = cos θ


−1 0 0
0 −1 0
0 0 2

 −
√

3 sin θ


1 0 0
0 −1 0
0 0 0

 , (6.4.54)
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VT T (θ)VT
T = cos θ


2 0 0
0 0 −1
0 −1 0

 +
√

3 sin θ


0 0 0
0 0 1
0 −1 0

 , (6.4.55)

T 2(θ) = 21 + T (−2θ) , (6.4.56)

T (α + β) = cos βT (α) + sin βT (α +
π

2
) , (6.4.57)

aT (α) + bT (β) =
√

a2 + b2 + 2ab cos(α − β)T (ϕ) , (6.4.58)

tanϕ =
a sinα + b sin β

a cos α + b cos β
. (6.4.59)
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7 Democratic Mass Matrix

Formulae related to the so-called “democratic” mass matrix model are given.

7.1 General Formulae

A nearly democratic4 mass matrix M is given by

M = aX + bY, (7.1.1)

where |a|2 ≫ |b|2, X is the so-called “democratic” matrix

X =
1
3


1 1 1
1 1 1
1 1 1

 , (7.1.2)

and Y is a 3×3 matrix with the order of one. The democratic matrix X is diagonalized by the
mixing matrix A

A =


1√
2

− 1√
2

0
1√
6

1√
6

− 2√
6

1√
3

1√
3

1√
3

 , (7.1.3)

as

AXAT =


0 0 0
0 0 0
0 0 1

 . (7.1.4)

7.2 Inverse

The democratic matrix X defined by Eq.(7.1.2) does not have the inverse, because detX =
0. However, when we define

X(ϕ) =
1
3


1 eiϕ e−iϕ

e−iϕ 1 eiϕ

eiϕ e−iϕ 1

 , (7.2.1)

the matrix X(ϕ) has the inverse

X(ϕ)−1 = |b|


0 eiβ e−iβ

e−iβ 0 eiβ

eiβ e−iβ 0

 , (7.2.2)

where
|b| =

3
2

1
sin(3

2ϕ)
, (7.2.3)

4The terminology “democratic” was first named by Jarlskog: C. Jarlskog, in Proceedings of the International

Symposium on Production and Decays of Heavy Hadrons, Heidelberg, Germany, 1986 edited by K. R. Schubert.
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β =
1
2
(π − ϕ). (7.2.4)

An approximately democratic mass matrix

M =


1 + ε eiϕ e−iϕ

e−iϕ 1 + ε eiϕ

eiϕ e−iϕ 1 + ε

 = 3X(ϕ) + ε1, (7.2.5)

has the inverse

M−1 =


a b b∗

b∗ a b

b b∗ a

 = |b|
[
3X(β) −

(
1 − a

|b|

)
1
]
, (7.2.6)

where
a =

(2 + ε)ε
4 sin2(3

2ϕ) − (3 + ε)ε2
, (7.2.7)

b = |b|eiβ, (7.2.8)

|b| =

√
ε2 cos2(3

2ϕ) + (2 + ε)2 sin2(3
2ϕ)

4 sin2(3
2ϕ) − (3 + ε)ε2

, (7.2.9)

and
β = π + δ − 1

2
ϕ, (7.2.10)

sin δ = (2+ε) sin( 3
2
ϕ)√

ε2 cos2( 3
2
ϕ)+(2+ε)2 sin2( 3

2
ϕ)

,

cos δ = ε cos( 3
2
ϕ)√

ε2 cos2( 3
2
ϕ)+(2+ε)2 sin2( 3

2
ϕ)

,
(7.2.11)

a

|b|
=

(2 + ε)ε√
ε2 cos2(3

2ϕ) + (2 + ε)2 sin2(3
2ϕ)

. (7.2.12)

For a case with general phases

M =


1 + ε eiϕ12 e−iϕ31

e−iϕ12 1 + ε eiϕ23

eiϕ31 e−iϕ23 1 + ε

 , (7.2.13)

we define a phase matrix P

P = diag(eiδ1 , eiδ2 , eiδ3), (7.2.14)

and we denote M as
M = P

(
3X(ϕ) + ε1

)
P †, (7.2.15)

where
ϕ12 = ϕ + δ1 − δ2,
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ϕ23 = ϕ + δ2 − δ3,

ϕ31 = ϕ + δ3 − δ1, (7.2.16)

and
ϕ12 + ϕ23 + ϕ31 = 3ϕ. (7.2.17)

Then, we obtain
M−1 = |b|P

[
3X(β) −

(
1 − a

|b|

)
1
]
P †. (7.2.18)

7.3 Nearly democratic mass matrix

Let us diagonalize a nearly democratic mass matrix5

M =
1
3
a


1 1 1
1 1 1
1 1 1

 +


ε1 0 0
0 ε2 0
0 0 ε3

 . (7.3.1)

We define the following mixing matrix UD

UD =


1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 − 2√
6

1√
3

 . (7.3.2)

Then, form the formulae (6.2.2)～(6.2.4) and (6.2.10) for the rotation by UD, we obtain

MD ≡ UD
T MUD = a


0 0 0
0 0 0
0 0 1



+
1
6


3(ε1 + ε2)

√
3(ε1 − ε2)

√
6(ε1 − ε2)√

3(ε1 − ε2) ε1 + ε2 + 4ε3

√
2(ε1 + ε2 − 2ε3)√

6(ε1 − ε2)
√

2(ε1 + ε2 − 2ε3) 2(ε1 + ε2 + ε3)

 . (7.3.3)

When we define
επ = 1√

2
(ε1 − ε2),

εη = 1√
6
(ε1 + ε2 − 2ε3),

εσ = 1√
3
(ε1 + ε2 + ε3),

(7.3.4)

we can rewrite (7.3.3) as

MD =
1√
3


εσ + 1√

2
εη

1√
2
επ επ

1√
2
επ εσ − 1√

2
εη εη

επ εη

√
3a + εσ

 . (7.3.5)

For the case a ≫ εi , the matrix (7.3.5) can approximately be diagonalized by the rotation
R3(θ12)

R3(θ12) =


cos θ12 sin θ12 0
− sin θ12 cos θ12 0

0 0 1

 , (7.3.6)

5Y. Koide, Phys. Rev. D39, 1391 (1989)
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where
tan 2θ12 = −επ

εη
. (7.3.7)

The approximate eigenvalues are given by

m1 ≃ 1√
3
εσ − 1√

6

√
επ

2 + εη
2,

m2 ≃ 1√
3
εσ + 1√

6

√
επ

2 + εη
2,

m3 ≃ a + 1√
3
εσ,

(7.3.8)

where √
επ

2 + εη
2 =

2√
6

√
ε2
3 + ε2

2 + ε2
1 − (ε3ε2 + ε2ε1 + ε1ε3). (7.3.9)

For ε2
3 ≫ ε2

2 ≫ ε2
1, we obtain

m1

m2
≃ 3

4
ε2

ε3
. (7.3.10)
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8 Diagonalization of a nearly rank-1 matrix

Diagonalization of a nearly rank-1 matrix is discussed. It is an extended version of the
democratic mass matrix. It is also useful to investigating a neutrino mass matrix.

8.1 Diagonalization of a rank-1 matrix

In general, a rank-1 matrix M has the following form6:

M =


g1

2 g1g2 g1g3

g1g2 g2
2 g2g3

g1g3 g2g3 g3
2

 . (8.1.1)

The rank-1 matrix (8.1.1) is diagonalized by the following three ways:
(A)

R31
T MR31 = D, (8.1.2)

(B)
R12

T MR12 = D, (8.1.3)

(C)
R21

T MR21 = D, (8.1.4)

where
D = diag(0, 0, g1

2 + g2
2 + g3

2), (8.1.5)

R31 = R3(θ12)R1(θ23), (8.1.6)

R12 = R1(θ23)R2(θ13), (8.1.7)

R21 = R2(θ13)R1(θ23), (8.1.8)

R1(θ23) =


1 0 0
0 c23 s23

0 −s23 c23

 , R2(θ13) =


c13 0 s13

0 1 0
−s13 0 c13

 , R3(θ12) =


c12 s12 0
−s12 c12 0

0 0 1

 ,

(8.1.9)

6For convenience, we have taken the rank-1 matrix M real. If M is Hermitian, we can express the rank-1

matrix M as

Mij = gig
∗
j , (8.1.1)′

instead of (8.1.1). Since we can obtain a real matrix M̃ as

M̃ = P †(ϕ)MP (ϕ),

where P = diag(eiϕ1 , eiϕ2 , eiϕ3), and gi = |gi|eiϕi , because

M̃ij = e−iϕigig
∗
j eiϕj = |gi||gj |.

Therefore, we can always use the real matrix formulation which will be derived below (8.1.2).
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i.e.

R31 =


c12 s12c23 s12s23

−s12 c12c23 c12s23

0 −s23 c23

 , (8.1.10)

s12 =
g1√

g1
2 + g2

2
, c12 =

g2√
g1

2 + g2
2
, (8.1.11)

s23 =
√

g1
2 + g2

2√
g1

2 + g2
2 + g3

2
, c23 =

g3√
g1

2 + g2
2 + g3

2
, (8.1.12)

R12 =


c13 0 s13

−s23s13 c23 c13s23

−c23s13 −s23 c13c23

 , (8.1.13)

s23 =
g2√

g2
2 + g3

2
, c23 =

g3√
g2

2 + g3
2
, (8.1.14)

s13 =
g1√

g1
2 + g2

2 + g3
2
, c13 =

√
g2

2 + g3
2√

g1
2 + g2

2 + g3
2
, (8.1.15)

R21 =


c13 −s13s23 s13c23

0 c23 s23

−s13 −c13s23 c13c23

 , (8.1.16)

s13 =
g1√

g1
2 + g3

2
, c13 =

g3√
g1

2 + g3
2
, (8.1.18)

s23 =
g2√

g1
2 + g2

2 + g3
2
, c23 =

√
g1

2 + g3
2√

g1
2 + g2

2 + g3
2
. (8.1.19)

The reason that we have three ways to the diagonalization is due to the fact that two
of the eigenvalues, m1 and m2 are degenerated as m1 = m2 = 0 , so that we have a degree of
freedom of a further rotation R3(θ12). For example, the general mixing matrix U is given by

U = R1(θ23)R2(θ13)R3(θ12), (8.1.20)

where θ23 and θ13 are given by (8.1.14) and (8.1.15), respectively, while θ12 is free. The value of
θ12 will be fixed by an additional term to the rank-1 matrix as we show in the next subsection.
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8.2 Diagonalization of a nearly rank-1 matrix

We denote a nearly rank-1 matrix as

Mij = gigj + εij , (8.2.1)

where ε is a small term with εT = ε . As we stated in the previous subsection, there are three
ways to the diagonalization of the rank-1 matrix. According to the ways (8.1.2)-(8.1.4), we will
show three ways to the diagonalization of the matrix (8.2.1).

(A) Diagonalization by the rotation R31

When we transform the matrix M by the rotation R31, (8.1.10), as

M ′ = RT
31MR31, (8.2.2)

we obtain
M ′

11 =
1

g1
2 + g2

2
(ε11g2

2 − 2ε12g2g1 + ε22g1
2), (8.2.3)

M ′
22 =

1
(g1

2 + g2
2)(g1

2 + g2
2 + g3

2)

[
(ε22g2

2 + 2ε12g1g2 + ε11g1
2)g3

2

−2(ε13g1 + ε23g2)(g1
2 + g2

2)
]
, (8.2.4)

M ′
33 = g1

2 + g2
2 + g3

2 +
1

g1
2 + g2

2 + g3
2

[
ε33g3

2 + 2(ε23g2 + ε13g1)g3

+2ε12g1g2 + ε22g2
2 + ε11g1

2
]
, (8.2.5)

M ′
12 =

1
(g1

2 + g2
2)

√
g1

2 + g2
2 + g3

2

{[
ε12(g2

2 − g1
2) − (ε22 − ε11)g1g2

]
g3

−(ε13g2 − ε23g1)(g1
2 + g2

2)
}

, (8.2.6)

M ′
13 =

1√
g1

2 + g2
2
√

g1
2 + g2

2 + g3
2

[
(ε13g2 − ε23g1)g3 + ε12(g2

2 − g1
2)

−(ε22 − ε11)g1g2] , (8.2.7)

M ′
23 =

1√
g1

2 + g2
2(g1

2 + g2
2 + g3

2)

[
(ε13g1 + ε23g2)(g3

2 − g2
2 − g1

2)

+(ε22 − ε33)g2
2g3 + 2ε12g1g2g3 + (ε11 − ε33)g1

2g3

]
. (8.2.8)

For a case |M33| ≫ |Mij | (i ̸= 3, j ̸= 3) (g3
2 ≫ g2

2 + g1
2), the matrix M ′ is approximately

diagonalized by an additional rotation R3(θ′12) :

R3
T (θ′12)R31

T MR31R3(θ′12) ≃ D. (8.2.9)

The rotation R31R3(θ′12) is explicitly expressed as

R31R3(θ′12) =


c12c

′
12 − s12c23s

′
12 c12s

′
12 + s12c23c

′
12 s12s23

−s12c
′
12 − c12c23s

′
12 −s12s

′
12 + c12c23c

′
12 c12s23

s23s
′
12 −s23c

′
12 c23

 . (8.2.10)
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Since
M ′

12 ≃ 1
g1

2 + g2
2

[
ε12(g2

2 − g1
2) − (ε22 − ε11)g1g2

]
, (8.2.11)

M ′
22 − M ′

11 ≃ 1
g1

2 + g2
2

[
(ε22 − ε11)(g2

2 − g1
2) + 4ε12g1g2

]
, (8.2.12)

we obtain the value of θ′12 as

tan 2θ′12 ≃ 2
[
ε12(g2

2 − g1
2) − (ε22 − ε11)g1g2

]
(ε22 − ε11)(g2

2 − g1
2) + 4ε12g1g2

. (8.2.13)

When we define
tan 2θε =

2ε12

ε22 − ε11
, (8.2.14)

tan 2θg =
2g1g2

g2
2 − g1

2
, (8.2.15)(

⇒ tan θg = g1

g2

)
, (8.2.16)

we find
θ′12 ≃ θε − θg, (8.2.17)

from Eq.(8.2.13) .
Note that, for the case with ε33 ≫ ε22 ≫ ε11, the approximation (8.2.12) [also (8.2.13)] is

not valid. For example, for the case
εij = δijεg

2
i , (8.18)

we obtain

tan 2θ′12 = −
g1g2g3(g2

2 − g2
1)

√
g2
1 + g2

2 + g2
3

(g4
1 + g4

2)g
2
3 − (g2

1 + g2
2)g

2
1g

2
2

. (8.2.19)

(B) Diagonalization by the rotation R12

Similarly, when we transform M as

M ′ = R12
T MR12, (8.2.20)

we obtain
M ′

11 =
1

(g2
2 + g3

2)(g1
2 + g2

2 + g3
2)

[
ε11g3

4

−2ε13g1g3
3 + 2(ε11g2

2 + ε33g1
2 − ε12g1g2)g3

2

−2(ε13g2 − ε23g1)g1g2g3 + (ε11g2
2 − 2ε12g1g2 + ε22g1

2)g2
2
]
, (8.2.21)

M ′
22 =

1
g2

2 + g3
2

[
ε22g3

2 − 2ε23g2g3 + ε33g2
2
]
, (8.2.22)

M ′
33 = g1

2 + g2
2 + g3

2 +
1

g1
2 + g2

2 + g3
2
[ε33g3

2

+2(ε13g1 + ε23g2)g3 + ε22g2
2 + 2ε12g1g2 + ε11g1

2], (8.2.23)

M ′
12 =

1
(g2

2 + g3
2)

√
g1

2 + g2
2 + g3

2

[
ε12g3

3 − (ε13g2 + ε23g1)g3
2

+(ε33 − ε22)g1g2g3 + (ε12g3 − ε13g2 + ε23g1)g2
3

]
, (8.2.24)
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M ′
13 =

1√
g2

2 + g3
2(g1

2 + g2
2 + g3

2)
[ε13g3

3 + (ε12g2 + (ε11 − ε33)g1)g3
2

+(ε13g2
2 − 2ε23g1g2 − ε13g1

2)g3 + ε12g
3
2 − (ε22 − ε11)g1g2

2 − ε12g
2
1g2], (8.2.25)

M ′
23 =

1√
g2

2 + g3
2
√

g1
2 + g2

2 + g3
2
[ε23g3

2

−((ε33 − ε22)g2 − ε12g1)g3 − ε23g2
2 − ε13g1g2]. (8.2.26)

For a case with g3
2 ≫ g2

2 + g1
2, the matrix M ′ is approximately diagonalized by an

additional rotation R3(θ′12) as

R3
T (θ′12)R12

T MR12R3(θ′12) ≃ D. (8.2.27)

From the relations
M ′

12 ≃ ε12

M ′
22 − M ′

11 ≃ ε22 − ε11, (8.2.28)

we find that the rotation angle θ′12 is given by

tan 2θ′12 ≃ 2ε12

ε22 − ε11
. (8.2.29)

(C) Diagonalization by the rotation R21

Similarly, the matrix elements of

M ′ = R21
T MR21, (8.2.30)

are given as follows:

M ′
11 =

1
g1

2 + g3
2
[ε11g3

2 − 2ε13g1g3 + ε33g1
2], (8.2.31)

M ′
22 =

1
(g1

2 + g3
2)(g1

2 + g2
2 + g3

2)
[ε22g3

4 − 2ε23g2g3
3

+(2ε22g1
2 − 2ε12g1g2 + ε33g2

2)g3
2 + 2(ε13g1g2

2 − ε23g
2
1g2)g3

+ε22g1
4 + ε11g1

2g2
2 − 2ε12g1

3g2], (8.2.32)

M ′
33 = g1

2 + g2
2 + g3

2 +
1

g1
2 + g2

2 + g3
2
[ε33g3

2

+2(ε13g1 + ε23g2)g3 + ε22g2
2 + 2ε12g1g2 + ε11g1

2], (8.2.33)

M ′
12 =

1
(g1

2 + g3
2)

√
g1

2 + g2
2 + g3

2
[ε12g3

3

−(ε13g2 + ε23g1)g3
2 + (ε33 − ε11)g1g2g3 + ε12g1

2g3 + (ε13g2 − ε23g1)g1
2], (8.2.34)

M ′
13 =

1√
g1

2 + g3
2
√

g1
2 + g2

2 + g3
2
{ε13g3

2

+[ε12g2 − (ε33 − ε11)g1]g3 − (ε23g2 + ε13g1)g1}, (8.2.35)

M ′
23 =

1√
g1

2 + g3
2(g1

2 + g2
2 + g3

2)
{ε23g3

2

−[(ε33 − ε22)g2 + ε12g1]g3
2 − (ε23g2

2 + 2ε13g1g2 − ε23g1
2)g3
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−ε12g1g2
2 + (ε22 − ε11)g1

2 + ε12g1
3}. (8.2.36)

For a case with g3
2 ≫ g2

2 + g1
2, the matrix M ′ is approximately diagonalized by an

additional rotation R3(θ′12) as

R3
T (θ′12)R21

T MR21R3(θ′12) ≃ D, (8.2.37)

and we also find
tan 2θ′12 ≃ 2ε12

ε22 − ε11
. (8.2.38)
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9 Diagonalization of Mass Matrices
with Specific Forms

The eigenvalues and mixing matrix of a mass matrix with a specific form are discussed.
Some of them are motivated from the neutrino phenomenology.

9.1 NNI-type mass matrix

The following mass matrix is called the nearest-neighbor interaction (NNI) type mass ma-
trix:

M̂ = P †(δL)MP (δR), (9.1.1)

M =


0 c1 0
c2 0 b1

0 b2 a

 , (9.1.2)

where a, bi and ci are real parameters, and P (δ) is a phase matrix

P (δ) = diag(eiδ1 , eiδ2 , eiδ3). (9.1.3)

The matrix (9.1.1) with c1 = c2 and b1 = b2 is known as the Fritzsch mass matrix.

9.1.1 Branco-Lavoura-Mota theorem

The following theorem has been given by Branco, Lavoura and Mota 7.
[Theorem]

Any quark mass matrices (Mu,Md) can always be transformed into NNI-type mass matrices
(M̂u, M̂d) by rebasing without losing generality.

Here, the “rebasing” means the re-definition of the flavor basis by the transformation

Mu → M ′
u = A†MuBu,

Md → M ′
d = A†MdBd,

(9.1.4)

where A, Bu and Bd are 3 × 3 unitary matrices. Note that this statement is based on the
SU(2)L ×U(1)Y gauge model. If we adopt a SU(2)L × SU(2)R model, the rebasing (9.1.4) must
be replaced by

Mu → A†MuB,

Md → A†MdB.
(9.1.5)

We know that we can always transform arbitrary quark mass matrices (Mu,Md) into Her-
mitian mass matrices. However, we cannot transform (Mu,Md) into (M̂u, M̂d) with the NNI
form, and besides, with M̂ †

u = M̂u and M̂ †
d = M̂d.

9.1.2 Description with 10 observable parameters

7G. C. Branco, L. Lavoura and F. Mota, Phys. Rev.D33, 860 (1986).
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Generally, n × n quark mass matrices (Mu,Md) have many parameters (maximally 2n2).
On the other hand, we have 10 observable quantities (3 + 3 masses and 4 Cabibbo-Kobayashi-
Maskawa (CKM) matrix parameters8) for n = 3. Let us show that if we choose a suitable NNI
form, we can describe the quark mass matrices (Mu,Md) with only 7 parameters.

First, we define an Hermitian matrix Ĥq by

Ĥq = M̂qM̂
†
q = P †(δqL)M qM q

T
P (δqL) ≡ P †(δqL)HqP (δqL), (9.1.6)

where q = u, d and

Hq =


c2
q1 0 bq2cq1

0 b2
q1 + c2

q2 aqbq1

bq2cq1 aqbq1 a2
q + b2

q2

 . (9.1.7)

(Hereafter, we drop the index q.) We denote the number of the independent parameters in
the matrix M as N(M). Since N(M) = 5 and N(H) = 5, we can completely determine the
parameters a, b1, b2, c1 and c2 from the values H ij :

a = 1√
H11

√
H11H33 − H

2
31,

b1 = H23

√
H11√

H11H33−H
2
31

, b2 = H13√
H11

,

c1 =
√

H11, c2 =
√

detH√
H11H33−H

2
31

.

(9.1.8)

On the other hand, the Hermitian matrices (Hu,Hd) are always rewritten by the form

Hu = A†D2
uA,

Hd = A†V D2
dV

†A,
(9.1.9)

where V is the CKM matrix
V = U †

uLUdL, (9.1.10)

and
Du = diag(mu,mc,mt),
Dd = diag(md,ms,mb).

(9.1.11)

When we choose an orthogonal matrix A, the number of the parameters is N(A) = 3. Since we
have 3 constraints, i.e.,

(Hu)12 = 0, Re(Hd)12 = 0, Im(Hd)12 = 0, (9.1.12)

[note that (Hu)ij are real], we can explicitly determine all of the parameters of A from the
observable quantities Du, Dd and V . Thus, we can write all of the parameters of the matrices
(Ĥu, Ĥd) in terms of the observable quantities, so that we can also write all of the parameters
of the matrices (M̂u, M̂d) in terms of the observable quantities by using (9.1.8).

9.2 Mass matrix with a specific zero-texture

9.2.1 Mass matrix with M11 = M22 = M12 = M21 = 0

8see Chap.12
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We diagonalize the following mass matrix with four texture zeros

M =


0 0 a1

0 0 a2

a1 a2 2a3

 . (9.2.1)

The eigenvalues are given by

m1 = 0,

−m2 = a3 −
√

a2
1 + a2

2 + a2
3,

m3 = a3 +
√

a2
1 + a2

2 + a2
3.

(9.2.2)

The mixing matrix U is given by

U †MU = diag(m1,−m2,m3), (9.2.3)

U =


c12 s12c23 s12s23

−s12 c12c23 c12s23

0 −s23 c23

 , (9.2.4)

where
s12 =

a1√
a2

1 + a2
2

, c12 =
a2√

a2
1 + a2

2

, (9.2.5)

s23 =

√√
a2

1 + a2
2 + a2

3 − a3

√
2(a2

1 + a2
2 + a2

3)
1
4

, c23 =

√√
a2

1 + a2
2 + a2

3 + a3

√
2(a2

1 + a2
2 + a2

3)
1
4

. (9.2.6)

From Eq.(9.2.2), we can rewrite the relations (9.2.6) as follows;

s23 =
√

m2

m3 + m2
, c23 =

√
m3

m3 + m2
. (9.2.7)

9.2.2 4 × 4 mass matrix with Mij = δ4ixi + δ4jxj

We can also give eigenvalues and mixing matrix of the following 4 × 4 matrix

M =


0 0 0 x1

0 0 0 x2

0 0 0 x3

x1 x2 x3 x0

 . (9.2.8)

The mixing matrix R is given by

R =


r11 r12 r13 r14

r21 r22 r23 r24

0 r32 r33 r34

0 0 r43 r44

 , (9.2.9)

where
r11 =

x2

N1
, r21 = − x1

N1
, (9.2.10)
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r12 = x2
1x3

1
N2

, r22 = x1x2x3
1

N2
, r32 = −x1(x2

2 + x2
1)

1
N2

, (9.2.11)

r13 = 2x1
1

N3
, r23 = 2x2

1
N3

, r33 = 2x3
1

N3
, r43 = −(

√
A − x0)

1
N3

, (9.2.12)

r14 = 2x1
1

N4
, r24 = 2x2

1
N4

, r34 = 2x3
1

N4
, r44 = (

√
A + x0)

1
N4

, (9.2.13)

N1 =
√

x2
2 + x2

1, (9.2.14)

N2 = x1

√
x2

2 + x2
1

√
x2

3 + x2
2 + x2

1, (9.2.15)

N3 =
√

2
√

A(
√

A − x0), (9.2.16)

N4 =
√

2
√

A(
√

A + x0). (9.2.17)
√

A =
√

4(x2
3 + x2

2 + x2
1) + x2

0. (9.2.18)

The eigenvalues are given by

RT MR =


0 0 0 0
0 0 0 0
0 0 m3 0
0 0 0 m4

 , (9.2.19)

m3 = −1
2(
√

A − x0),
m4 = 1

2(
√

A + x0).
(9.2.20)

9.3 Zee mass matrix

9.3.1 Mass eigenvalues
The mass matrix

M = m0


0 z3 z2

z3 0 z1

z2 z1 0

 , (9.3.1)

is called the Zee mass matrix, which was first proposed by Zee9 from a radiatively induced mass
generation mechanism.

For the matrix (9.3.1), we can obtain the following relations :

TrM = m1 + m2 + m3 = 0, (9.3.2)

TrM2 = m2
1 + m2

2 + m2
3 = 2(z2

1 + z2
2 + z2

3)m
2
0 , (9.3.3)

detM = m1m2m3 = 2z1z2z3m
3
0 . (9.3.4)

From (9.3.2)and (9.3.3), we obtain

m1m2 + m2m3 + m3m1 = −(z2
1 + z2

2 + z2
3)m

2
0 , (9.3.5)

9A. Zee, Phys. Lett. 93B, 389 (1980); L. Wolfenstein, Nucl. Phys. B175, 93 (1980); S. T. Petcov, Phys. Lett.

115B, 401 (1982).
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Therefore, the eigenvalues mi (i = 1, 2, 3) are given as solutions of the equation

m3
i − (z2

1 + z2
2 + z2

3)m
2
0mi − 2z1z2z3m

3
0 = 0. (9.3.6)

By adjusting the normalization parameter m0, without losing the generality, we can put

z2
1 + z2

2 + z2
3 = 1. (9.3.7)

Then, the solutions mi ≡ m0λi are given by

λ3
i − λi − 2q = 0, (9.3.8)

where
q = z1z2z3. (9.3.9)

The mass levels mi versus q are illustrated in Fig. 9.3.1 and 9.3.2.

-1 -0.5 0.5 1

0.2

0.4

0.6

0.8

1

1.2

1.4

Fig. 9.3.1: Behaviors of |mi| versus the parameter q = z1z2z3.

0.05 0.1 0.15

-1

-0.5

0.5

1

Fig. 9.3.2: Behaviors of mi versus the parameter q = z1z2z3 in the range 0 ≤ q ≤ 1/
√

27.

For a small value of q, Eq.(9.3.8) is written as

λi(λ2
i − 1) = 2q ≡ 2ε ≃ 0, (9.3.10)

so that we can consider the following solutions

λ1 = 1 + ε1, λ2 = −1 + ε2, λ3 = ε3. (9.3.11)
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By putting (9.3.11) into (9.3.10), we obtain

(1 + ε1)(1 + 2ε1 + ε2
1 − 1) = 2ε ⇒ ε1 ≃ ε(1 − 3

2
ε), (9.3.12)

(−1 + ε2)(1 − 2ε2 + ε2
2 − 1) = 2ε ⇒ ε2 ≃ ε(1 +

3
2
ε), (9.3.13)

ε3(ε2
3 − 1) = 2ε ⇒ ε3 ≃ −2ε(1 + 4ε2), (9.3.14)

i.e.,

λ1≃1 + ε − 3
2
ε2, (9.3.15)

λ2 ≃ −(1 − ε − 3
2
ε2), (9.3.16)

λ3 ≃ −2ε(1 + 4ε2), (9.3.17)

where ε = q = z1z2z3. From (9.3.15)-(9.3.17),

∆m2
12 = m2

1 − m2
2 ≃ [(1 + ε)2 − (1 − ε)2]m2

0 ≃ 4εm2
0, (9.3.18)

∆m2
23 = m2

2 − m2
3 ≃ [(1 − ε)2 − 4ε2]m2

0 ≃ (1 − 2ε)m2
0. (9.3.19)

If we regard ∆m2
12 and ∆m2

23 as

∆m2
solar = ∆m2

12 ≃ 4εm2
0, (9.3.20)

∆m2
atm = ∆m2

23 ≃ m2
0, (9.3.21)

respectively, we can estimate the value of ε as follows:

ε ≃ 1
4

∆m2
solar

∆m2
atm

≃ 1
4
· 7.9 × 10−5eV2

2.74 × 10−3eV2 = 7.2 × 10−3. (9.3.22)

(We also may regard ∆m2
12 = −∆m2

solar. Then, we can obtain ε ≃ −7.2 × 10−3.)

9.3.2 Mixing Matrix
On the other hand, the mixing matrix U is obtained as follows:

UT MU = D = diag(m1,m2,m3) = m0diag(λ1, λ2, λ3), (9.3.23)

i.e., ∑
k

MikUkj = UijDjj , (9.3.24)

where M is given by Eq.(9.3.1). The relations (9.3.24) can explicitly be written as follows:

−λjU1j + z3U2j + z2U3j = 0, (9.3.25)

z3U1j − λjU2j + z1U3j = 0, (9.3.26)

z2U1j + z1U2j − λjU3j = 0. (9.3.27)

By eliminating U3j from (9.3.25) and (9.3.26), we obtain

U1j

U2j
=

z2λj + z1z3

z1λj + z2z3
, (9.3.28)
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and also by eliminating U1j , we obtain

U3j

U2j
=

λ2
j − z2

3

z1λj + z2z3
. (9.3.29)

Therefore, we obtain

U1j =
1

Nj
(z2λj + z1z3), (9.3.30)

U2j =
1

Nj
(z1λj + z1z3), (9.3.31)

U3j =
1

Nj
(λ2

j − z2
3), (9.3.32)

where
N2

j = (z2λj + z1z3)2 + (z1λj + z1z3)2 + (λ2
j − z2

3)
2

= λ4
j + (z2

2 + z2
1 − 2z2

3)λ
2
j + 4z1z2z3λj + z2

3(z
2
3 + z2

2 + z2
1)

= λ4
j + (1 − 3z2

3)λ
2
j + 4ελi + z2

3 . (9.3.33)

By using Eq.(9.3.10), we can write (9.3.33) as

N2
j = (3λ2

j − 1)(λ2
j − z2

3) . (9.3.34)

For the eigenvalues (9.3.15)-(9.3.17), we obtain

N2
1 ≃ [3(1 + ε)2 − 1][(1 + ε)2 − z2

3 ] ≃ 2(1 − z2
3)

(
1 + 3ε +

2ε

1 − z2
3

)
, (9.3.35)

U11 ≃ 1
N1

[z2(1 + ε) + z1z3] ≃
1√
2

z2√
1 − z2

3

(
1 − 1

2
ε +

z3

z2
z1 −

ε

1 − z2
3

)
, (9.3.36)

U21 ≃ 1
N1

[z1(1 + ε) + z2z3] ≃
1√
2

z2z3√
1 − z2

3

(
1 +

z1

z2z3
− 3

2
ε − ε

1 − z2
3

)
, (9.3.37)

U31 ≃ 1
N1

[(1 + ε)2 − z2
3 ] ≃

√
1 − z2

3√
2

(
1 − 3

2
ε +

ε

1 − z2
3

)
, (9.3.38)

N2
2 ≃ [3(1 − ε)2 − 1][(1 − ε)2 − z2

3 ] ≃ 2(1 − z2
3)

(
1 − 3ε − 2ε

1 − z2
3

)
, (9.3.39)

U12 ≃ 1
N2

[−z2(1 − ε) + z1z3] ≃ − 1√
2

z2√
1 − z2

3

(
1 − 1

2
ε − z3

z2
z1 +

ε

1 − z2
3

)
, (9.3.40)

U22 ≃ 1
N2

[−z1(1 − ε) + z2z3] ≃
1√
2

z2z3√
1 − z2

3

(
1 − z1

z2z3
+

3
2
ε +

ε

1 − z2
3

)
, (9.3.41)

U32 ≃ 1
N2

[(1 − ε)2 − z2
3 ] ≃

√
1 − z2

3√
2

(
1 − ε

1 − z2
3

+
3
2
ε

)
, (9.3.42)

N2
3 ≃ (12ε2 − 1)(4ε2 − z2

3)≃z2
3 , (9.3.43)

U13 ≃ 1
N3

(−2εz2 + z1z3) ≃
(

z1 − 2ε
z2

z3

)
, (9.3.44)
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U23 ≃ 1
N3

(−2εz1 + z2z3)≃z2 , (9.3.45)

U33 ≃ 1
N3

(4ε2 − z2
3) ≃ −z3 . (9.3.46)

9.3.3 Deviation from the bimaximal mixing
Since the parameter value ε, (9.3.22), is very small, the Zee mass matrix gives an almost

bimaximal mixing. The deviations from the bimaximal mixing are given as follows.
The quantity sin2 2θatm in the νµ → νµ disappearance experiments is given by

sin2 2θatm = 4|U23|2|U33|2. (9.3.47)

For a small ε, we obtain

U23U33 =
1

N2
3

(z1λ3 + z2z3)(λ2
3 − z2

3) =
z1λ3 + z2z3

3λ2
3 − 1

≃ −z2z3(1 + 2aε2 + O(ε4)), (9.3.48)

and
sin2 2θatm ≃ z2

2z
2
3(1 + 4aε2), (9.3.49)

where
a = 6 − 1

z2
2z

2
3

. (9.3.50)

Since
z2
2 + z2

3 = 1 − z2
2 , (9.3.51)

z2
2 and z2

3 are solutions of the following equation

x2 − (1 − z2
1)x +

1
4

sin2 2θatm(1 − 4aε2) = 0. (9.3.52)

The solutions are given by

x =
1
2
[1 − z2

1 ±
√

(1 − z2
1)2 − sin2 2θatm(1 − 4aε2)]. (9.3.53)

Since the part in the square root must positive, we obtain the constraint

sin2 2θatm ≤ (1 − z2
1)

2

1 − 4aε2
≃ 1 + 6(4 − 1

z2
2z

2
3

)ε2. (9.3.54)

In other words, since we know that the observed value of sin2 2θatm is highly close to 1,
sin2 2θatm ≃ 1, the value z2

2 must highly be close to z2
3 . By neglecting O(ε2), we estimate

(z2
3 or z2

2) ≃
1
2
(1 ±

√
1 − sin2 2θatm). (9.3.55)

On the other hand, sin2 2θsolar is given by

sin2 2θsolar = 4|U11|2|U12|2. (9.3.56)

Since
U11U12 =

1
N1N2

(z2λ1 + z1z3)(z2λ2 + z1z3)
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=
z2
1z

2
3 − z1z2z3λ3 + z2

2λ1λ2√
(3λ2

1 − 1)(3λ2
2 − 1)(λ2

1 − z2
3)(λ

2
2 − z2

3)
, (9.3.57)

by taking the approximations (9.3.15)-(9.3.17), we obtain

U11U12 ≃ −
z2
2 − ( 1

z2
2

+ 2 + 4z2
2)ε

2

2(1 − z2
3)

√
1 − 23−34z2

2+15z4
3

(1−z2
3)2

ε2

≃ z2
2

2(z2
2 + z2

1)

[
1 − 1

z4
2

(1 + 2z2
2 + 4z4

2)ε
2 +

1
2

23 − 34z2
2 + 15z4

3

(1 − z2
3)2

ε2

]
≃ −1

2

(
1 − 1

2
ε2

)
, (9.3.58)

where we have used z2
2 ≃ 1

2 + O(ε2) and z2
3 ≃ 1

2 + O(ε2). Therefore, we obtain

sin2 2θsolar ≃ 1 − ε2 ≃ 1 − 1
16

(
△m2

solar

△m2
atm

)2

. (9.3.59)

Even we take the relation (9.4.55) into consideration, we obtain 10

sin2 2θsolar ≥ 1 − 1
16

(
△m2

solar

△m2
atm

)2

. (9.3.60)

9.3.4 Case with z2 = z3

For the case with z2 = z3, since 2z2
3 + z2

1 = 1, we obtain

ε = z1z2z3 = z2
3z1 =

1
2
z1(1 − z2

1) , (9.3.61)

so that we obtain the mixing matrix

U ≃


1√
2

− 1√
2

0
1
2

1
2

1√
2

1
2

1
2 − 1√

2

 . (9.3.62)

In fact, we obtain the exact expression for z2 = z3 is as follow:

λ1 =
√

1 − 3
4
z2
1 +

1
2
z1 , (9.3.63)

λ2 = −
(√

1 − 3
4
z2
1 − 1

2
z1

)
, (9.3.64)

λ3 = −z1 , (9.3.65)

U =


cos θ − sin θ 0
1√
2
sin θ 1√

2
cos θ − 1√

2
1√
2
sin θ 1√

2
cos θ 1√

2

 , (9.3.66)

tan θ =

√√√√√
√

1 − 3z2
1/4 + z1/2√

1 − 3z2
1/4 − z1/2

=
√

m1

−m2
. (9.3.67)

10Y. Koide, Phys. Rev. D64, 077301 (2001).

53



9.4 Matrices which give a nearly bimaximal mixing

The mixing matrix

U =


c s 0

− 1√
2
s 1√

2
c − 1√

2

− 1√
2
s 1√

2
c 1√

2

 , (9.4.1)

is called a “nearly bimaximal” mixing, where c = cos θ and s = sin θ.
We will demonstrate examples of such a mass matrix below.

9.4.1 Mass matrix with a 2 ↔ 3 symmetry
The Hermitian mass matrix

M =


d aeiϕ aeiϕ

ae−iϕ b c

ae−iϕ c b

 , (9.4.2)

is invariant under a 2 ↔ 3 exchange, where a, b, · · · are real.
The eigenvalues are gives as fallows:

m2
1 = 1

2 [b + c + d −
√

8a2 + (b + c − d)2 ],
m2

2 = 1
2 [b + c + d +

√
8a2 + (b + c − d)2 ],

m2
3 = b − c + d.

(9.4.3)

The mixing angle θ in Eq.(9.4.1) is given by

s =

√
d − m1

m2 − m1
, c =

√
m2 − d

m2 − m1
. (9.4.4)

9.4.2 Two rank-1 matrix

The matrix which is consisted of two rank-1 matrices

M =


1 0 0
0 0 0
0 0 0

 +
1
2
(1 + x)


a2 a a

a 1 1
a 1 1

 , (9.4.5)

also induces a nearly bimaximal mixing (9.4.1).
The eigenvalues are as follows:

m1 = 1
4

(
4 + 2x + a2(1 + x) −

√
A

)
,

m2 = 1
4

(
4 + 2x + a2(1 + x) +

√
A

)
,

m3 = 0,

(9.4.6)

where
A = 4x2 + 4a2(1 + x)(2 + x) + a4(1 + x)2. (9.4.7)

The mixing angle θ in Eq. (9.4.1) is also given by the relation (9.4.4).
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9.5 Matrices which give a tribimaximal mixing

The mixing matrix

UTB =


2√
6

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2

 =


1 0 0
0 1√

2
− 1√

2

0 1√
2

1√
2




2√
3

1√
3

0

− 1√
3

2√
3

0

0 0 1

 = R1(−
π

4
)R3(ϕ),

(9.5.1)
is called a “tribimaximal” mixing11, where ϕ = sin−1(1/

√
3), and R1 and R3 are defined in

Eq.(8.1.9).

9.5.1 He-Zee matrix
The matrix form12

M =


2 + x 0 0

0 1 − y + x 1 + y

0 1 + y 1 − y + x

 + ε


1 1 1
1 1 1
1 1 1

 , (9.5.2)

is proposed by He and Zee as a mass matrix which gives a tribimaximal mixing (9.5.1). The
matrix (9.5.1) can also be expressed as

M = a


1 0 0
0 0 1
0 1 0

 + b


1 0 0
0 1 0
0 0 1

 + ε


1 1 1
1 1 1
1 1 1

 , (9.5.3)

with a = 1 + y and b = 1 − y + x.
The eigenvalues of the matrix (9.5.2) [and also (9.5.3)] are given as follows:

m1 = 2 + x = a + b,

m2 = 2 + x + 3ε = a + b + 3ε,

m3 = x − 2y = a − b.

(9.5.4)

9.5.2 Tribimaximal mixing and S3 symmetry
Generally, doublet (ψπ, ψη) and singlet ψσ in a permutation symmetry S3 are defined by

ψπ

ψη

ψσ

 =


1√
2

− 1√
2

0
1√
6

1√
6

− 2√
6

1√
3

1√
3

1√
3




ψ1

ψ2

ψ3

 . (9.5.5)

If the charged lepton mass matrix Me is diagonal on the basis (ψ1, ψ2, ψ3) = (ψe, ψµ, ψτ ),
while the neutrino mass matrix M̃ν ≡ Dν is diagonal on the (ψπ, ψη, ψσ) basis, the neutrino
mass matrix Mν on the (ψπ, ψη, ψσ) basis is diagonalized as follows:

UT MνU = Dν ≡ diag(mπ, mη, mσ), (9.5.6)

11P.F. Harrison, D.H. Perkins, and W.G. Scott, Phys. Lett. B458, 79 (1999).
12X.-G. He and A. Zee, Phys. Lett. B560, 87 (2003).
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where U is given by

U =


1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 − 2√
6

1√
3

 , (9.5.7)

for the definition (9.5.5).
However, if the S3 eigenstates in the neutrino sector are given by

ψπ

ψη

ψσ

 =


1√
2

− 1√
2

0

− 1√
6

− 1√
6

2√
6

1√
3

1√
3

1√
3




ψ3

ψ1

ψ2

 (9.5.8)

where (ψ1, ψ2, ψ3) = (ψe, ψµ, ψτ ) in the charged lepton sector, the mixing matrix U in Eq. (9.5.5)
on the (ψπ, ψη, ψσ) basis is given by

U =


0 2√

6
1√
3

− 1√
2

− 1√
6

1√
3

1√
2

− 1√
6

1√
3

 . (9.5.9)

When we rearrange the eigenvalues as D ≡ diag(mη, mσ, mπ) for the case of |mη| < |mσ| < |mπ|,
we will obtain the mixing matrix

UTB =


2√
6

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2

 . (9.5.10)

The form Mν for Uν = UTB is given by

Mν = UTB


m1 0 0
0 m2 0
0 0 m3

 UT
TB

=
m1

6


4 −2 −2
−2 1 1
−2 1 1

 +
m2

3


1 1 1
1 1 1
1 1 1

 +
m3

2


0 0 0
0 1 −1
0 −1 1



=
m1

2


2 0 0
0 1 1
0 1 1

 +
m2 − m1

3


1 1 1
1 1 1
1 1 1

 +
m3

2


0 0 0
0 1 −1
0 −1 1

 (9.5.11)

= m1


1 0 0
0 1 0
0 0 1

 +
m2 − m1

3


1 1 1
1 1 1
1 1 1

 +
m3 − m1

2


0 0 0
0 1 −1
0 −1 1

 . (9.5.12)

(Also, see Table 10.5.1.)
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10 S3 Symmetry and its Related Matrices

The observed neutrino mixing is approximately given by the tribimaximal mixing (9.5.9)
which is closely related to an S3 symmetry as discussed in Sec.9.2.2. In this chapter, we will
give more details of the matrices related to the S3 symmetry.

10.1 Doublet and singlet of S3

The S3 doublet (ψπ, ψη) and singlet ψσ on a real basis are defined as follows:
ψπ

ψη

ψσ

 = A


ψ1

ψ2

ψ3

 , (10.1.1)

A =


1√
2

− 1√
2

0
1√
6

1√
6

− 2√
6

1√
3

1√
3

1√
3

 . (10.1.2)

Hereafter, we will use the following notations

ψ123 =


ψ1

ψ2

ψ3

 , ψπησ =


ψπ

ψη

ψσ

 . (10.1.3)

We can construct the following scalars from fields ϕa and ψa (a = π, η, σ):

ϕσψσ = ϕT
123Xψ123, (10.1.4)

ϕπψπ + ϕηψη = ϕT
123(1 − X)ψ123, (10.1.5)

ϕπψπ + ϕηψη + ϕσψσ = ϕT
1231ψ123, (10.1.6)

where

1 =


1 0 0
0 1 0
0 0 1

 , X =
1
3


1 1 1
1 1 1
1 1 1

 . (10.1.7)

10.2 S3-invariant Yukawa interactions

We consider S3-invariant terms which are constructed by ψ
⊗

ϕ
⊗

χ. We have the following
5 types of the S3-invariant terms:

Type (a)

La = ψσϕσχσ =
ϕ1 + ϕ2 + ϕ3

3
√

3
ψ123


1 1 1
1 1 1
1 1 1

 χ123. (10.2.1)
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Type (b)

Lb = (ψπχπ + ψηχη)ϕσ =
ϕ1 + ϕ2 + ϕ3

3
√

3
ψ123


2 −1 −1
−1 2 −1
−1 −1 2

 χ123. (10.2.2)

Type (c)
Lc = (ψπχη + ψηχπ)ϕπ + (ψπχπ − ψηχη)ϕη

=
√

2
3
√

3
ψ123

ϕ1


2 −1 −1
−1 −1 2
−1 2 −1

 + ϕ2


−1 −1 2
−1 2 −1
2 −1 −1

 + ϕ3


−1 2 −1
2 −1 −1
−1 −1 2


 χ123.

(10.2.3)
Type (d)

Ld = ψσ(ϕπχπ + ϕηχη)

=
1

3
√

3
ψ123

ϕ1


2 −1 −1
2 −1 −1
2 −1 −1

 + ϕ2


−1 2 −1
−1 2 −1
−1 2 −1

 + ϕ3


−1 −1 2
−1 −1 2
−1 −1 2


 χ123. (10.2.4)

Type (e)
Le = (ψπϕπ + ψηϕη)χσ

=
1

3
√

3
ψ123

ϕ1


2 2 2
−1 −1 −1
−1 −1 −1

 + ϕ2


−1 −1 −1
2 2 2
−1 −1 −1

 + ϕ3


−1 −1 −1
−1 −1 −1
2 2 2


 χ123.

(10.2.5)
On the other hand, if we start from the ψ123 base, we can consider the following two typical

S3-invariant terms:
Type (A)

LA =
3∑
i

ψi ϕi χi = ψ123


ϕ1 0 0
0 ϕ2 0
0 0 ϕ3

 χ123 = ψπησMAχπησ, (10.2.6)

where

MA = A


ϕ1 0 0
0 ϕ2 0
0 0 ϕ3

 AT =
1√
3


ϕσ + 1√

2
ϕη

1√
2
ϕπ ϕπ

1√
2
ϕπ ϕσ − 1√

2
ϕη ϕη

ϕπ ϕη ϕσ

 . (10.2.7)

Type (B)

LB =
∑

i,j,k:cyclic

(ψi ϕj χk + ψkϕjχi) = ψ123


0 ϕ3 ϕ2

ϕ3 0 ϕ1

ϕ2 ϕ1 0

 χ123 = ψπησMBχπησ, (10.2.8)
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where

MB = A


0 ϕ3 ϕ2

ϕ3 0 ϕ1

ϕ2 ϕ1 0

 AT =
1√
3


−ϕσ +

√
2ϕη

√
2ϕπ −ϕπ√

2ϕπ −ϕσ −
√

2ϕη −ϕη

−ϕπ −ϕη 2ϕσ

 . (10.2.9)

The interactions LA and LB are explicitly given by

LA =
1√
3

[
(ψπχπ + ψηχη + ψσχσ)ϕσ + (ψπϕπ + ψηϕη)χσ + ψσ(ϕπχπ + ϕηχη)

+
1√
2
(ψπϕπχη + ψηϕπχπ + ψπϕηχπ − ψηϕηχη)

]
, (10.2.10)

LB =
1√
3

[
−(ψπχπ + ψηχη + 2ψσχσ)ϕσ − (ψπϕπ + ψηϕη)χσ − ψσ(ϕπχπ + ϕηχη)

+
√

2(ψπϕπχη + ψηϕπχπ + ψπϕηχπ − ψηϕηχη)
]
. (10.2.11)

If the mass matrix M for the ψπησ basis is given by aMA +bMB, the matrix M is expressed
as

M = aMA + bMB =
1√
3


a+2b√

2
ϕη

a+2b√
2

ϕπ (a − b)ϕπ

a+2b√
2

ϕπ −a+2b√
2

ϕη (a − b)ϕη

(a − b)ϕπ (a − b)ϕη 3bϕσ

 +
a − b√

3
ϕσ1, (10.2.12)

or

M =
a + 2b√

6


ϕη ϕπ 0
ϕπ −ϕη 0
0 0

√
2ϕσ

 +
a − b√

3


ϕσ 0 ϕπ

0 ϕσ ϕη

ϕπ ϕη 0

 . (10.2.13)

10.3 Democratic seesaw model

We assume the S3-invariant Yukawa interactions

LY = yLΣiqLiϕLiQRi + yRQLiϕRiqRi + QLMQQR + h.c. (10.3.1)

We also assume13 that the mass matrix MQ has a diagonal form on the Qπησ basis, i.e.

QLπησMQQRπησ = QLπησ


MD 0 0
0 MD 0
0 0 MS

 QRπησ. (10.3.2)

Then, when we define the effective mass matrix

qLπησMπησqRπησ, (10.3.3)

13The assumption (10.3.2) is incompatible with the assumption QL123 = diag(M1, M2, M3)QR123, which leads

to the non-diagonal form of MQ similar to the expression (10.2.7).
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we obtain the following mass matrix form

Mπησ = yLyRADLAT


M−1

D 0 0
0 M−1

D 0
0 0 M−1

S

 ADRAT

= yLyRADL

(
1

MD
(1 − X) +

1
MS

X

)
DRAT , (10.3.4)

where
DL = diag(vL1 , vL2 , vL3),
DR = diag(vR1 , vR2 , vR3),

(10.3.5)

and vi = ⟨ϕi⟩. Therefore, we obtain a democratic seesaw-model form on the q123 basis,

M123 =
yLyR

MD
DL(1 + aX)DR, (10.3.6)

with
a =

MD

MS
− 1. (10.3.7)

For the qπησ basis, since

A(1 − X)AT =


1 0 0
0 1 0
0 0 0

 , (10.3.8)

AXAT =


0 0 0
0 0 0
0 0 1

 , (10.3.9)

we obtain the following mass matrix form

Mπησ = yLyRADLAT
[

1
MD

A(1 − X)AT +
1

MS
AXAT

]
ADRAT

=
yLyR

3MD


(vLσ + 1√

2
vLη)(vRσ + 1√

2
vRη) + 1

2vLπvRπ

1√
2
vLπ(vRσ + 1√

2
vRη) + 1√

2
(vLσ − 1√

2
vLη)vRπ

vLπ(vRσ + 1√
2
vRη) + 1√

2
vLηvRπ

1√
2
(vLσ + 1√

2
vLη)vRπ + 1√

2
vLπ(vRσ − 1√

2
vRη) (vLσ + 1√

2
vLη)vRπ + 1√

2
vLπvRη

1
2vLπvRπ + (vLσ − 1√

2
vLη)(vRσ − 1√

2
vRη) 1√

2
vLπvRη + (vLσ − 1√

2
vLη)vRη

1√
2
vLπvRπ + vLη(vRσ − 1√

2
vRη) vLπvRπ + vLηvRη



+
yLyR

3MS


vLπvRπ vLπvRη vLπvRσ

vLηvRπ vLηvRη vLηvRσ

vLσvRπ vLσvRη vLσvRσ

 . (10.3.10)

If we assume vLi = vRi ≡ vi, we obtain

Mπησ =
yLyR

3MD


v2
σ + 1

2(v2
π + v2

η) +
√

2vσvη√
2vπvσ

vπvσ +
√

2vπvη
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√
2vπvσ vπvσ +

√
2vπvη

v2
σ + 1

2(v2
π + v2

η) −
√

2vσvη vηvσ + 1√
2
(v2

π − v2
η)

vηvσ + 1√
2
(v2

π − v2
η) v2

π + v2
η



+
yLyR

3MS


v2
π vπvη vπvσ

vπvη v2
η vηvσ

vπvσ vηvσ v2
σ

 . (10.3.11)

The second term is a rank-1 matrix, whose eigenvalues are (0, 0, v2
π +v2

η +v2
σ). If the second

term is dominant, the matrix is diagonalized by the mixing matrix

U =


c12 s12c23 s12s23

−s12 c12c23 c12s23

0 −s23 c23

 = R3(θ12)R1(θ23), (10.3.12)

where
s12 =

vπ√
v2
π + v2

η

, c12
vη√

v2
π + v2

η

. (10.3.13)

s23 =

√√√√ v2
π + v2

η

v2
π + v2

η + v2
σ

, c23 =
vσ√

v2
π + v2

η + v2
σ

. (10.3.14)
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Table 10.3.1 Matrix forms on the bases ψ123 and ψπησ

(1, 2, 3) basis (π, η, σ) basis
v1 0 0
0 v2 0
0 0 v3

 1√
3


vσ + 1√

2
vη

1√
2
vπ vπ

1√
2
vπ vσ − 1√

2
vη vη

vπ vη vσ




0 v3 v2

v3 0 v1

v2 v1 0

 1√
3


−vσ +

√
2vη

√
2vπ −vπ√

2vπ −vσ −
√

2vη −vη

−vπ −vη 2vσ



1
3


1 1 1
1 1 1
1 1 1




0 0 0
0 0 0
0 0 1



1
3
√

2


2 −1 −1
−1 2 −1
−1 −1 2

 1√
2


1 0 0
0 1 0
0 0 0



− 1√
6


0 1 1
1 0 1
1 1 0

 1√
6


1 0 0
0 1 0
0 0 −2



1√
6


1 0 −1
0 −1 1
−1 1 0

 1√
2


0 1 0
1 0 0
0 0 0



1
3
√

2


1 −2 1
−2 1 1
1 1 −2

 1√
2


1 0 0
0 −1 0
0 0 0


M−1

S DL (1 + aX) DR

a = MD
MS

− 1

D̃L


M−1

D 0 0
0 M−1

D 0
0 0 M−1

S

 D̃R

D̃ = ADAT
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10.4 Dual bases A and B

We define bases A and B as follows:
ψA

π

ψA
η

ψA
σ

 = A


ψ1

ψ2

ψ3

 ,


ψB

π

ψB
η

ψB
σ

 = B


ψ1

ψ2

ψ3

 , (10.4.1)

where

A =


1√
2

− 1√
2

0
1√
6

1√
6

− 2√
6

1√
3

1√
3

1√
3

 , B =


0 − 1√

2
1√
2

− 2√
6

1√
6

1√
6

1√
3

1√
3

1√
3

 . (10.4.2)

The basis A is known as a convention of the singlet ψσ and doublet (ψπ, ψη) of S3. The mixing
matrix B is related to the so-called “tribimaximal mixing” in the neutrino mixing as we discussed
in Sec.8.2.2.

The basis A is connected by the matrix

UAB ≡ ABT =


1
2 −

√
3

2 0
−

√
3

2 −1
2 0

0 0 1

 , (10.4.3)

as 
ψA

π

ψA
η

ψA
σ

 = UAB


ψB

η

ψB
σ

ψB
π

 . (10.4.4)

Since
U2

AB = 1, (10.4.5)

It can be regarded that the bases A and B are dual each other. The S3-invariant interactions
(see Sec.9.2) are, of course, invariant under the transformation UAB.

Under the definition of the basis B, the tribimaximal mixing is given by

U =


− 2√

6
1√
3

0
1√
6

1√
3

− 1√
2

1√
6

1√
3

1√
2

 , (10.4.6)

instead of Eq.(9.5.1).
However, note that if we define another S3 basis B′ (see Eq.(9.5.7))

ψB′
π

ψB′
η

ψB′
σ

 = B′


ψ1

ψ2

ψ3

 =


0 − 1√

2
1√
2

2√
6

− 1√
6

− 1√
6

1√
3

1√
3

1√
3




ψ1

ψ2

ψ3

 , (10.4.7)

the transformation

UAB′ = A(B′)T =


1
2

√
3

2 0
−

√
3

2
1
2 0

0 0 1

 , (10.4.8)
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does not give (UAB′)2 = 1:

(UAB′)2 =


−1

2

√
3

2 0
−

√
3

2 −1
2 0

0 0 1

 ̸= 1, (10.4.9)

(UAB′)3 =


−1 0 0
0 −1 0
0 0 1

 . (10.4.10)

The S3-invariant interactions are not invariant under the transformation UAB′ . Only when we
define the basis A′

ψA′
π

ψA′
η

ψA′
σ

 = A′


ψ1

ψ2

ψ3

 =


1√
2

− 1√
2

0

− 1√
6

− 1√
6

2√
6

1√
3

1√
3

1√
3




ψ1

ψ2

ψ3

 , (10.4.11)

we obtain

UA′B′ = A′(B′)T =


1√
2

√
3

2 0
√

3
2 −1

2 0
0 0 1

 , (10.4.12)

(UA′B′)2 = 1. (10.4.13)

The S3-invariant interactions are invariant under the transformation UA′B′ . Under the definition
of the basis B′, the tribimaximal mixing is expressed by Eq.(9.5.1) instead of Eq.(10.4.6).

10.5 Useful basis for neutrino mass matrix

The observed neutrino mixing is very close to the so-called tribimaximal mixing14

UTB =


2√
6

1√
3

0

− 1√
6

1√
3

−1
2

− 1√
6

1√
3

1
2

 . (10.5.1)

Therefore, for investigation of the neutrino mass matrix, the definition
ψη

ψσ

ψπ

 = UT
TB


ψ1

ψ2

ψ3

 , (10.5.2)

is useful rather than the definition (10.1.1). This means that if the charged lepton mass eigen-
states (e−, µ−, τ−) are given by the basis (ψ1, ψ2, ψ3), then the neutrino mass eigenstates are
(ψη, ψσ, ψπ) with mass hierarchy m2

η < m2
σ ≪ m2

π (or m2
π ≪ m2

η < m2
σ).

Although the examples of matrix forms UT
TBMUTB for matrices M have been essentially

given by Table 6.2.1 (Sec.6.2) and Table 10.3.1 (Sec.10.3), we again give some of them under
the new basis (10.4.15) in Table 10.5.1.

14The phase convention (10.4.14) is identical with (9.5.1), but it is different from one given by (10.4.6).
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Table 10.5.1 Matrix form on the (η, σ, π) basis

(1, 2, 3) basis (η, σ, π) basis

M UT
TBMUTB

1
3


1 1 1
1 1 1
1 1 1




0 0 0
0 1 0
0 0 0

 (10.5.3)


1 0 0
0 0 1
0 1 0




1 0 0
0 1 0
0 0 −1

 (10.5.4)


0 0 0
0 1 −1
0 −1 1




0 0 0
0 0 0
0 0 2

 (10.5.5)


0 1 1
1 0 1
1 1 0




−1 0 0
0 2 0
0 0 −1

 (10.5.6)

1√
6


2 0 0
0 −1 0
0 0 −1

 1√
6


1

√
2 0√

2 0 0
0 0 −1

 (10.5.7)

1√
2


0 0 0
0 −1 0
0 0 1

 1√
6


0 0 −1
0 0

√
2

−1
√

2 0

 (10.5.8)

If we define Φ
Φ = diag(ϕ11, ϕ22, ϕ33), (10.5.9)

where
ϕ11 = 1√

3
ϕσ + 2√

6
ϕη,

ϕ22 = 1√
3
ϕσ − 1√

6
ϕη − 1√

2
ϕπ,

ϕ33 = 1√
3
ϕσ − 1√

6
ϕη + 1√

2
ϕπ,

(10.5.10)

we obtain

UT
TBΦUTB =

1√
3


ϕσ + 1√

2
ϕη ϕη − 1√

2
ϕπ

ϕη ϕσ ϕπ

− 1√
2
ϕπ ϕπ ϕσ − 1√

2
ϕη

 . (10.5.11)
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11 A4 Symmetry and its Related Matrices

The tribimaximal mixing (9.5.9) can also be understood by an A4 symmetry. In this
chapter, we will investigate possible mass matrices under the A4 invariance.

11.1 Triplets and singlets composed of A4 triplets

When we define triplets of A4 as follows:

3 =


a1

a2

a3

 ,


b1

b2

b3

 , (11.1.1)

we obtain the following triplets which are composed of 3 × 3

(3 × 3)3 =


a2b3

a3b1

a1b2

 ,


a3b2

a1b3

a2b1

 . (11.1.2)

We can also obtain 1, 1′, 1′′ from 3 × 3 as follows:

1 =
1√
3
(a1b1 + a2b2 + a3b3), (11.1.3)

1′ =
1√
3
(a1b1 + a2b2ω + a3b3ω

2), (11.1.4)

1′′ =
1√
3
(a1b1 + a2b2ω

2 + a3b3ω), (11.1.5)

where

ω = ei 2
3
π =

−1 + i
√

3
2

. (11.1.6)

When we define
(ab)σ =

1√
3
(a1b1 + a2b2 + a3b3), (11.1.7)

(ab)η =
1√
6
(2a1b1 − a2b2 − a3b3), (11.1.8)

(ab)π =
1√
2
(a3b3 − a2b2), (11.1.9)

Eqs.(11.1.3)-(11.1.5) are expressed as
1 = (ab)σ, (11.1.10)

1′ =
1√
2
[(ab)η − i(ab)π], (11.1.11)

1′′ =
1√
2
[(ab)η + i(ab)π]. (11.1.12)

We can obtain scalars (A4 invariant terms) as follows:

1′ × 1′′ ∼ 1, (11.1.13)

1′ × 1′ × 1′ ∼ 1′′ × 1′ ∼ 1. (11.1.14)
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11.2 Yukawa interactions (ψψ)ϕ = (3 × 3)3 × 3

For

ψ =


ψ1

ψ2

ψ3

 , ψ =


ψ1

ψ2

ψ3

 , ϕ =


ϕ1

ϕ2

ϕ3

 , (11.2.1)

where, although ψi are independent of ψi, we have used same notations for simplicity, we obtain
the A4 invariant Yukawa interaction

H(3,3,3) = y1(ψ2ψ3ϕ1 + ψ3ψ1ϕ2 + ψ1ψ2ϕ3) + y2(ψ3ψ2ϕ1 + ψ1ψ3ϕ2 + ψ2ψ1ϕ3), (11.2.2)

so that the mass matrix form on the basis (ψ1, ψ2, ψ3) is given by

M =


0 y1v3 y2v2

y2v3 0 y1v1

y1v2 y2v1 0

 , (11.2.3)

where vi = ⟨ϕi⟩. When y1 = y2, the mass matrix (11.2.3) is known as the Zee-type mass matrix.

11.3 Yukawa interactions (ψψ)ϕ = (3 × 3)1 × (1,1′,1′′)

We consider a case

ϕ = (1,1′,1′′) =
(

ϕσ,
1√
2
(ϕη − iϕπ),

1√
2
(ϕη + iϕπ)

)
. (11.3.1)

H(3,3,1) = y0(ψψ)σϕσ+y1
1√
2

[
(ψψ)η − i(ψψ)π

] 1√
2
(ϕη+iϕπ)+y2

1√
2

[
(ψψ)η + i(ψψ)π

] 1√
2
(ϕη−iϕπ)

= y0(ψψ)σϕσ +
1
2
(y1 + y2)

[
(ψψ)ηϕη + (ψψ)πϕπ

]
+

i

2
(y1 − y2)

[
(ψψ)ηϕπ − (ψψ)πϕη

]
. (11.3.2)

Therefore, if we assume the universality of the coupling constants

y0 = y1 = y2, (11.3.3)

we obtain the mass matrix on the (ψ1, ψ2, ψ3) basis

M = y0diag
(

1√
3
vσ +

2√
6
vη,

1√
3
vσ − 1√

6
vη −

1√
2
vπ,

1√
3
vσ − 1√

6
vη +

1√
2
vπ

)
. (11.3.4)

If we define ϕi as 
ϕσ

ϕη

ϕπ

 =


1√
3

1√
3

1√
3

2√
6

− 1√
6

− 1√
6

0 − 1√
2

1√
2




ϕ1

ϕ2

ϕ3

 , (11.3.5)

we obtain
M = diag(v1, v2, v3). (11.3.6)

Here, note that ϕi defined in (11.3.5) are not members ϕi of the triplet ϕ defined in (11.2.1).
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11.4 Yukawa interactions (ψψ)ϕ = (3 × (1,1′,1′′)) × 3

For the case (ψψ)ϕ = (3 × (1,1′,1′′)) × 3, we obtain

H(3,1,3) = y0(ψϕ)1ψ1 + y1(ψϕ)1′ψ1′′ + y2(ψϕ)1′′ψ1′

= y0(ψϕ)σψσ +
1
2
(y1 + y2)

[
(ψϕ)ηψη + (ψϕ)πψπ

]
+

i

2
(y1 − y2)

[
(ψϕ)ηψπ − (ψϕ)πψη

]
. (11.4.1)

Therefore, when we define the mass matrix M as

H(3,1,3) = (ψ1 ψ2 ψ3)M


ψσ

ψη

ψπ

 , (11.4.2)

we obtain

M =


1√
3
y0v1

y1+y2

2
2√
6
v1 iy1−y2

2
2√
6
v1

1√
3
y0v2 −

(
y1+y2

2
1√
6
− iy1−y2

2
1√
2

)
v2 −

(
y1+y2

2
1√
2

+ iy1−y2

2
1√
6

)
v2

1√
3
y0v3 −

(
y1+y2

2
1√
6

+ iy1−y2

2
1√
2

)
v3

(
y1+y2

2
1√
2
− iy1−y2

2
1√
6

)
v3



=


1√
3
y0v1

y1+y2√
6

v1 iy1−y2√
6

v1

1√
3
y0v2 − 1√

6
(y1e

−i π
3 + y2e

i π
3 )v2 − 1√

6
(y1e

i π
6 + y2e

−i π
6 )v2

1√
3
y0v3 − 1√

6
(y1e

i π
3 + y2e

−i π
3 )v3

1√
6
(y1e

−i π
6 + y2e

i π
6 )v3

 . (11.4.3)

If y0 = y1 = y2, we obtain
M = DUTB, (11.4.4)

where
D = y0diag(v1, v2, v3), (11.4.5)

UTB =


2√
6

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2

 , (11.4.6)

on the (ψη, ψσ, ψπ) basis. The mixing matrix UTB is just the tribimaximal mixing.

11.5 Yukawa interactions (ψψ)ϕ = ((1,1′,1′′) × 3) × 3

For the case (ψψ)ϕ = ((1,1′,1′′) × 3) × 3, we also obtain

H(1,3,3) = y0ψσ(ϕψ)σ +
1
2
(y1 + y2)

[
ψη(ϕψ)η + ψπ(ϕψ)π

]
+

i

2
(y1 − y2)

[
ψπ(ϕψ)η − ψη(ϕψ)π

]
.

(11.5.1)
Therefore, when we define the mass matrix M as

H(1,3,3) = (ψη ψσ ψπ)M


ψ1

ψ2

ψ3

 , (11.5.2)

we obtain

M =


y1+y2√

6
v1 −

(
y1+y2

2
1√
6
− iy1−y2

2
1√
2

)
v2 −

(
y1+y2

2
1√
6

+ iy1−y2

2
1√
2

)
v3

1√
3
y0v1

1√
3
y0v2

1√
3
y0v3

iy1−y2

2
2√
6
v1 −

(
y1+y2

2
1√
2

+ iy1−y2

2
1√
6

)
v2

(
y1+y2

2
1√
2
− iy1−y2

2
1√
6

)
v3

 . (11.5.3)
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If y0 = y1 = y2, we obtain
M = UT

TBD, (11.5.4)

where UTB and D are defined by (11.4.6) and (11.4.5), respectively.

11.6 Yukawa interactions (ψψ)ϕ = ((1,1′,1′′) × (1,1′,1′′)) × (1,1′,1′′)

For the case (ψψ)ϕ = ((1,1′,1′′) × (1,1′,1′′)) × (1,1′,1′′), we obtain

(ψψ)ϕ = (1×1+1′×1′′+1′′×1′)×1+(1×1′′+1′′×1+1′×1′)×1′+(1×1′+1′×1+1′′×1′′)×1′′,

(11.6.1)
i.e.

H(1,1,1) =
[
y0ψσψσ + y1(ψηψη + ψπψπ)

]
ϕσ + y2ψσ(ψπϕπ + ψηϕη)

+y3(ψπϕπ + ψηϕη)ψσ + y4
1√
2
(ψηψη − ψπψπ)ϕη − y5

1√
2
(ψηψπ + ψπψη)ϕπ. (11.6.2)

Here, in (11.6.2), we have assumed the 1′ ↔ 1′′ symmetry. Therefore, we obtain the mass matrix
on the (ψσ, ψη, ψπ) basis

M =


y0vσ y2vη y2vπ

y3vη y1vσ + 1√
2
y4vη − 1√

2
y5vπ

y3vπ − 1√
2
y5vπ y1vσ − 1√

2
y4vη

 . (11.6.3)

If we take
y0 = y1 = y2 = y3 = y4 = y5 =

1√
3
, (11.6.4)

the mass matrix on the basis (ψ1, ψ2, ψ3) is given by

M = diag(v1, v2, v3), (11.6.5)

where 
ψσ

ψη

ψπ

 =


1√
3

1√
3

1√
3

2√
6

− 1√
6

− 1√
6

0 − 1√
2

1√
2




ψ1

ψ2

ψ3

 . (11.6.6)

Note that (ψ1, ψ2, ψ3) in (11.6.6) is not a triplet of A4.
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12 S4 Symmetry and its Related Matrices

The non-Abelian finite group S4 is also useful the description of the neutrino mass matrix.
In this chapter, we will investigate possible mass matrices under the S4 invariance.

12.1 Irreducible representations of S4

The S4 symmetry which is the permutation group of four distinct objects has five irreducible
representations 15 which are all real. Hereafter, we explicitly denote them as follows:

1 = ϕσ, 1′ = ϕ′
σ, 2 =

(
ϕπ

ϕη

)
, 3 =


ϕ1

ϕ2

ϕ3

 , 3′ =


ϕ′

1

ϕ′
2

ϕ′
3

 . (12.1.1)

Then, the products among them are given as follows16

1 × 1 = 1, 1′ × 1′ = 1, 1 × 1′ = 1′,

2 × 1 = 2, 2 × 1′ = 2, 2 × 2 = (1 + 2)S + 1′
A,

3 × 1 = 3, 3 × 1′ = 3′, 3′ × 1 = 3′, 3′ × 1′ = 3,

3 × 2 = 3 + 3′, 3′ × 2′ = 3 + 3′,

3 × 3 = (1 + 2 + 3)S + 3′
A, 3′ × 3′ = (1 + 2 + 3)S + 3′

A,

3 × 3′ = 1′ + 2 + 3 + 3′.

(12.1.2)

These are explicitly given as follows:

(2 × 2)1 =
1√
2
(ϕπψπ + ϕηψη), (2 × 2)1′ =

1√
2
(ϕπψη − ϕηψπ), (12.1.3)

(2 × 2)2 =

 1√
2
(ϕπψη + ϕηψπ)

1√
2
(ϕπψπ − ϕηψη)

 , (12.1.4)

(2 × 3)3 =


ϕηψ1

−1
2(
√

3ϕπ + ϕη)ψ2

1
2(
√

3ϕπ − ϕη)ψ3

 , (2 × 3)3′ =


ϕπψ1

1
2(
√

3ϕη − ϕπ)ψ2

−1
2(
√

3ϕη + ϕπ)ψ3

 , (12.1.5)

(2 × 3′)3 =


ϕπψ′

1
1
2(
√

3ϕη − ϕπ)ψ′
2

−1
2(
√

3ϕη + ϕπ)ψ′
3

 , (2 × 3′)3′ =


ϕηψ

′
1

−1
2(
√

3ϕπ + ϕη)ψ′
2

1
2(
√

3ϕπ − ϕη)ψ′
3

 , (12.1.6)

(3 × 3)1 =
1√
3
(ϕ1ψ1 + ϕ2ψ2 + ϕ3ψ3), (3 × 3)2 =

 1√
2
(−ϕ2ψ2 + ϕ3ψ3)

1√
6
(2ϕ1ψ1 − ϕ2ψ2 − ϕ3ψ3)

 , (12.1.7)

(3 × 3)3 =


1√
2
(ϕ2ψ3 + ϕ3ψ2)

1√
2
(ϕ3ψ1 + ϕ1ψ3)

1√
2
(ϕ1ψ2 + ϕ2ψ1)

 , (3 × 3)3′ =


1√
2
(ϕ2ψ3 − ϕ3ψ2)

1√
2
(ϕ3ψ1 − ϕ1ψ3)

1√
2
(ϕ1ψ2 − ϕ2ψ1)

 , (12.1.8)

15For a review of S4, for example, see C. Hagedorn, M. Lindner and R. N. Mohapatra, JHEP 0606, 042 (2006).
16The phase convention follows Fusaoka’s one, which is useful for the investigation of the tribimaxmal mixing

(9.5.1). The author is much indebted to H. Fusaoka for all the formulae in this section 11.1.
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(3′×3′)1 =
1√
3
(ϕ′

1ψ
′
1 +ϕ′

2ψ
′
2 +ϕ′

3ψ
′
3), (3′×3′)2 =

 1√
2
(−ϕ′

2ψ
′
2 + ϕ′

3ψ
′
3)

1√
6
(2ϕ′

1ψ
′
1 − ϕ′

2ψ
′
2 − ϕ′

3ψ
′
3)

 , (12.1.9)

(3′ × 3′)3 =


1√
2
(ϕ′

2ψ
′
3 + ϕ′

3ψ
′
2)

1√
2
(ϕ′

3ψ
′
1 + ϕ′

1ψ
′
3)

1√
2
(ϕ′

1ψ
′
2 + ϕ′

2ψ
′
1)

 , (3′ × 3′)3′ =


1√
2
(ϕ′

2ψ
′
3 − ϕ′

3ψ
′
2)

1√
2
(ϕ′

3ψ
′
1 − ϕ′

1ψ
′
3)

1√
2
(ϕ′

1ψ
′
2 − ϕ′

2ψ
′
1)

 , (12.1.10)

(3×3′)1′ =
1√
3
(ϕ1ψ

′
1 +ϕ2ψ

′
2 +ϕ3ψ

′
3), (3×3′)2 =

 1√
6
(2ϕ1ψ

′
1 − ϕ2ψ

′
2 − ϕ3ψ

′
3)

1√
2
(ϕ2ψ

′
2 − ϕ3ψ

′
3)

 , (12.1.11)

(3 × 3′)3 =


1√
2
(ϕ2ψ

′
3 − ϕ3ψ

′
2)

1√
2
(ϕ3ψ

′
1 − ϕ1ψ

′
3)

1√
2
(ϕ1ψ

′
2 − ϕ2ψ

′
1)

 , (3 × 3′)3′ =


1√
2
(ϕ2ψ

′
3 + ϕ3ψ

′
2)

1√
2
(ϕ3ψ

′
1 + ϕ1ψ

′
3)

1√
2
(ϕ1ψ

′
2 + ϕ2ψ

′
1)

 . (12.1.12)

12.2 Yukawa interactions (ψ̄ψ)ϕ = (3 × 3)R × R

Yukawa interactions (ψ̄ψ)ϕ = (3 × 3)R × R are given by

H = (ψ̄1 ψ̄2 ψ̄3)

 y1√
3
ϕσ


1 0 0
0 1 0
0 0 1

 + y2


2√
6
ϕη 0 0

0 − 1√
6
ϕη − 1√

2
ϕπ 0

0 0 − 1√
6
ϕη + 1√

2
ϕπ



+
y3√
2


0 ϕ3 ϕ2

ϕ3 0 ϕ1

ϕ2 ϕ1 0

 +
y′3√
2


0 ϕ′

3 −ϕ′
2

−ϕ′
3 0 ϕ′

1

ϕ′
2 −ϕ′

1 0





ψ1

ψ2

ψ3

 , (12.2.1)

for R = 1,2,3 and 3′, respectively.
The case of (ψ̄ψ)ϕ = (3′ × 3′)R ×R is given by the replacement (ψ̄1, ψ̄2, ψ̄3) → (ψ̄′

1, ψ̄
′
2, ψ̄

′
3)

and (ψ1, ψ2, ψ3) → (ψ′
1, ψ

′
2, ψ

′
3) in Eq.(12.2.1).

On the other hand, the case of (ψ̄ψ)ϕ = (3 × 3′)R × R are given by

H = (ψ̄1 ψ̄2 ψ̄3)

 y′1√
3
ϕ′

σ


1 0 0
0 1 0
0 0 1

 + y2


2√
6
ϕη 0 0

0 − 1√
6
ϕη + 1√

2
ϕπ 0

0 0 − 1√
6
ϕη − 1√

2
ϕπ



+
y3√
2


0 ϕ3 −ϕ2

−ϕ3 0 ϕ1

ϕ2 −ϕ1 0

 +
y′3√
2


0 ϕ′

3 ϕ′
2

ϕ′
3 0 ϕ′

1

ϕ′
2 ϕ′

1 0





ψ′

1

ψ′
2

ψ′
3

 , (12.2.2)

for R = 1′,2,3 and 3′, respectively.

12.3 Yukawa interactions (ψ̄ψ)ϕ = (3 × (1 + 2))R × R

Yukawa interactions (ψ̄ψ)ϕ = (3 × (1 + 2))R × R are given by

H =
y1√
3
(ψ̄1 ψ̄2 ψ̄3)


ϕ1

ϕ2

ϕ3

 ψσ
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+(ψ̄1 ψ̄2 ψ̄3)

y2


0 2√

6
ϕ1

− 1√
2
ϕ2 − 1√

6
ϕ2

1√
2
ϕ3 − 1√

6
ϕ3

 + y′2


2√
6
ϕ′

1 0

− 1√
6
ϕ′

2
1√
2
ϕ′

2

− 1√
6
ϕ′

3 − 1√
2
ϕ′

3




(
ψπ

ψη

)
. (12.3.1)

The case of (ψ̄ψ)ϕ = (3′ × (1 + 2))R ×R is given by the replacement ψi → ψ′
i and ϕi ↔ ϕ′

i

in Eq.(12.3.1).
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13 CKM Quark Mixing Matrix

As an example of flavor mixing matrices, it is useful to summarize formulae related to
the quark mixing matrix. Especially, a review of CP -violating phase conventions of quark
mixing matrix will be useful.

13.1 Definition of the CKM matrix

The quark mixing matrix (the Cabibbo-Kobayashi-Maskawa17 (CKM) mixing matrix) V is
defined by

V = U †
uLUdL, (13.1.1)

where mass matrices of the up- and down-quarks Mu and Md are defined by

Hmass = uLMuuR + dLMddR + h.c., (13.1.2)

and those are diagonalized as

U †
uLMuUuR = Du ≡ diag(mu,mc,mt),

U †
dLMdUdR = Dd ≡ diag(md,ms,mb).

(13.1.3)

If Mu and Md are given, the mixing matrices UuL and UdL are obtained from the diagonal-
ization of MuM †

u and MdM
†
d :

U †
uLMuM †

uUuL = D2
u, U †

dLMdM
†
dUdL = D2

d. (13.1.4)

13.2 Number of independent parameters

Generally, an n × n mass matrix Mq has 2n2 parameters. Since MqM
†
q is a Hermitian

matrix, it has n2 parameters:

N(Mq) = 2n2 = N(MqM
†
q ) + N(M †

q Mq) = n2 + n2. (13.2.1)

As seen in Eq.(13.1.4), the matrix MqM
†
q with n2 parameters determine the n eigenvalues Dq

and the mixing matrix UqL. Although an n × n unitary matrix generally has n2 parameters, in
the present case, the mixing matrix UqL has n(n−1) parameters, because Eq.(13.1.4) is invariant
under the transformation

UqL → U ′
qL = UqLP (δqL), (13.2.2)

where
P (δ) = diag(eiδ1 , eiδ2 , eiδ3), (13.2.3)

so that n parameters are free (unobservable).
Although the CKM matrix V is composed of UuL with n(n − 1) parameters and UdL with

n(n− 1) parameters, of the 2n(n− 1) parameters, n2 parameters are reduced because of the n2

17N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963); M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652

(1973).
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unitary conditions for V . Furthermore, of the n + n phases in P (δuL) and P (δdL), one is not
free (cannot be absorbed into uL and dL), so that a number of the independent parameters of
V is

N(V ) = N(UuL) + N(UdL) − N(unitary cond.) + 1 = n(n − 1) + n(n − 1) − n2 + 1 = (n − 1)2.
(13.2.4)

For n = 3, we obtain N(V ) = 4. Since an n × n orthogonal matrix has n(n − 1)/2 parameters
(rotation angles), a number of the CP violating parameters in V is

NCP (V ) = (n − 1)2 − 1
2
n(n − 1) =

1
2
n(n − 1)(n − 2). (13.2.5)

For n = 3, we obtain NCP (V ) = 1, i.e. in a three family model, the number of CP violating
phases is only one.

13.3 Expressions of the CKM matrix

Since the CKM matrix has a freedom of “rephasing”

V → P †(δu)V P (δd), (13.3.1)

various expressions of V are possible as stated in this section.

13.3.1 Standard and Original Kobayashi-Maskawa expressions
Usually, the following phase convention18 is adopted as the standard expression of V :

VSD = R1(θ23)P3(δ)R2(θ13)P
†
3 (δ)R3(θ12)

=


c13c12 c13s12 s13e

−iδ

−c23s12 − s23c12s13e
iδ c23c12 − s23s12s13e

iδ s23c13

s23s12 − c23c12s13e
iδ −s23c12 − c23s12s13e

iδ c23c13

 . (13.3.2)

On the other hand the following expression is known as the original Kobayashi-Maskawa matrix
phase convention19:

VKM = RT
1 (θ2)P3(δKM + π)R3(θ1)R1(θ3)

=


c1 −s1c3 −s1s3

s1c2 c1c2c3 − s2s3e
iδKM c1c2s3 + s2c3e

iδKM

s1s2 c1s2c3 + c2s3e
iδKM c1s2s3 − c2c3e

iδKM

 . (13.3.3)

Here Rn (n = 1, 2, 3) and P3 are defined by

R1(θ) =


1 0 0
0 c s

0 −s c

 , R2(θ) =


c 0 s

0 1 0
−s 0 c

 , R3(θ) =


c s 0
−s c 0
0 0 1

 , (13.3.4)

P3(δ) = diag(1, 1, eiδ), (13.3.5)

s = sin θ and c = cos θ.
18L. -L. Chau and W. -Y. Keung, Phys. Rev. Lett. 53, 1802 (1984); H. Fritzsch, Phys. Rev. D32, 3058 (1985).
19M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652 (1973).
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13.3.2 General expressions of the CKM matrix

There are, in general, 9 independent phase conventions20 of the CKM matrix. We define
the expressions of the CKM matrix V as

V = V (i, k) ≡ RT
i PjRjRk (i ̸= j ̸= k), (13.3.6)

where Rn are defined by Eqs.(13.3.5), and

P1 = diag(eiδ, 1, 1),
P2 = diag(1, eiδ, 1),
P3 = diag(1, 1, eiδ).

(13.3.7)

The expressions V (1, 3), V (1, 1) and V (3, 3) correspond to the standard, original KM and
Fritzsch-Xing21 phase conventions, respectively. (Note that, in the standard expression de-
fined by Eq.(13.3.2), the matrices P3(δ)† and R3(θ12) are commutable, so that the phase matrix
P †

3 (δ) in VSD = R1(θ23)P3(δ)R2(θ13)P
†
3 (δ)R3(θ12) = R1(θ23)P3(δ)R2(θ13)R3(θ12)P

†
3 (δ) can be

absorbed into the down-quark field dL.)
For relations of those phase conventions to the rephasing invariant quantity J , see Sec.12.4.

13.3.3 Wolfenstein parameterization
The CKM matrix V can approximately be expressed by

V =


1 − 1

2λ2 λ Aλ3(ρ − iη)
−λ 1 − 1

2λ2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

 + O(λ4), (13.3.8)

where
λ ≡ s12 =

|Vus|√
|Vud|2 + |Vus|2

, Aλ2 ≡ s23 = λ

∣∣∣∣ Vcb

Vus

∣∣∣∣ ,
Aλ3(ρ + iη) ≡ V ∗

ub = s13e
iδ =

Aλ3(ρ + iη)
√

1 − A2λ4

√
1 − λ [1 − A2λ4(ρ + iη)]

, (13.3.9)

ρ + iη = −VudV
∗
ub

VcdV
∗
cb

, (13.3.10)

and
ρ = ρ

(
1 − 1

2
λ2

)
+ · · · . (13.3.11)

The expression (13.3.8) is known as the Wolfenstein parameterization22 . The expression (13.3.8)
is useful for analytical investigation of the CKM matrix. However, for numerical investigation,
the expression (13.3.2) without an approximation is useful together with the relations

s12 =
|Vus|√

1 − |Vub|2
, s22 =

|Vcb|√
1 − |Vub|2

, s13 = |Vub|. (13.3.12)

20H. Fritzsch and Z. -z. Xing, Phys. Rev. D57, 594 (1998).
21H. Fritzsch and Z. -z. Xing, Phys. Lett. B413, 396 (1997).
22L. Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).
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13.3.4 Other expression
If we are interested only in the magnitudes of the CKM matrix elements |Vij |, the following

expression23 is also useful:

|Vij | =


√

1 − λ2 − σ2 λ σ√
λ2 + ω

√
1 − λ2 − ρ2 − ω ρ√

σ2 − ω
√

ρ2 + ω
√

1 − ρ2 − σ2

 , (13.3.13)

where
λ = |Vus|, ρ = |Vcb|, σ = |Vub|, (13.3.14)

ω = |Vcd|2 − |Vus|2 = |Vts|2 − |Vcb|2 = |Vub|2 − |Vtd|2, (13.3.15)

or

V =


√

1 − λ2 − σ2 λ σe−iδ

−
√

λ2 + ω eiϕ21
√

1 − λ2 − ρ2 − ω eiϕ22 ρ

−
√

σ2 − ω eiϕ31
√

ρ2 + ω eiϕ32
√

1 − ρ2 − σ2

 , (13.3.16)

where
tan ϕ21 ≃ ±(ρσ/λ) sin δ ≃ 0,

tan ϕ22 ≃ ±λρσ sin δ ≃ 0,

tan ϕ32 ≃ ±(λσ/ρ) sin δ ≃ 0,

(13.3.17)

cos δ ≃ λ2ρ2 + ω

2λρσ
. (13.3.18)

13.4 Rephasing invariant quantity J

The following quantity24 J is invariant under the rephasing transformation (13.3.1):

Im(ViℓVjmV ∗
jmV ∗

jℓ) = J
∑
k,n

εijkεℓmn, (13.4.1)

i.e.
J = Im(VudVcsV

∗
usV

∗
cd) = Im(VcbVusV

∗
csV

∗
ub) = · · · . (13.4.2)

The quantity J is explicitly given by

J = s12c12s23c23s13c
2
13 sin δ, (13.4.3)

for the standard phase convention (13.3.2), and by

J = s2
1c1s2c2s3c3 sin δ, (13.4.4)

for the original KM phase convention (13.3.3). For the general expression (13.3.6), the rephasing
invariant J is given by the form25

J =
|Vi1||Vi2||Vi3||V1k||V2k||V3k|

(1 − |Vik|2)|Vik|
sin δ. (13.4.5)

23Y. Koide, Mod. Phys. Lett. A7, 1691 (1992); G. Bèlanger, C. Hamzaoui and Y. Koide, Phys. Rev. D45,

4186 (1992).
24C. Jarlskog, Z. Phys. C29, 491 (1985); Phys. Rev. Lett. 55, 1039 (1985).
25Y. Koide, Phys. Rev. D73, 073002 (2006)
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The quantity J can also be given by the form26 without the phase parameter:

J2 = |V 2
ub|Vcb|2|Vud|2|Vcd|2 −

1
4

(
|Vcs|2|Vus|2 − |Vcd|2|Vud|2 − |Vub|2|Vcb|2

)2
, (13.4.6)

or

J2 = λ2ρ2σ2−1
4

[
λ2ρ2 + (λ2 + ρ2)σ2

]2
−1

2

[
λ2ρ2(1 + σ2) − (λ2 + ρ2)σ2(1 − σ2)

]
ω−1

4
(1−σ2)2ω2,

(13.4.7)
for the expression (13.3.13).

13.5 Unitary triangle

The CKM matrix V satisfies a unitary conditions∑
k

V ∗
kiVkj = δij . (13.5.1)

Especially, a triangle (Fig.12.5.1) which is illustrated from the relation

V ∗
udVub + V ∗

cdVcb + V ∗
tdVtb = 0, (13.5.2)

is called as the “unitary triangle”, and it is very useful for experimental studies of the CKM
matrix. The area of the triangle gives J/2.
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|Vub| · |Vud| ≃ σ |Vtd| · |Vtb| ≃
√

σ2 − ω

|Vcd| · |Vcb| ≃ λρ

γ

α

β

Fig. 13.5.1 Unitary triangle

In Fig. 13.5.1, the angles α, β and γ are defined by

α ≡ ϕ2 = Arg
[
−V31V

∗
33

V11V ∗
13

]
, β ≡ ϕ1 = Arg

[
−V21V

∗
23

V31V ∗
33

]
, γ ≡ ϕ3 = Arg

[
−V11V

∗
13

V21V ∗
23

]
, (13.5.3)

respectively. The angles (ϕ1, ϕ2, ϕ3) ≡ (β, α, γ) on the unitary triangle are given by the sine rule

r1

sinϕ1
=

r2

sinϕ2
=

r3

sinϕ3
= 2R, (13.5.4)

26C. Hamzaoui, Phys. Rev. Lett. 61, 35 (1988); G. C. Branco and L. Lavoura, Phys. Lett. B208, 123 (1985).
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where R is the radius of the circumscribed circle of the unitary triangle, and ri are defined by

r1 = |V13||V11|, r2 = |V23||V21|, r3 = |V33||V31|. (13.5.5)

Then, the quantity J is written as follows:

J = rmrn sinϕℓ =
1

2R
rℓrmrn =

1
2R

|V11||V21||V31||V13||V23||V33|, (13.5.6)

where (ℓ,m, n) is a cyclic permutation of (1,2,3). From Eqs. (13.4.5), (13.5.4) and (13.5.6), the
angles ϕℓ are given by the formula27

sinϕℓ =
|Vi1||Vi2||Vi3||V1k||V2k||V3k| sin δ

|Vm1||Vm3||Vn1||Vn3|(1 − |Vik|2)|Vik|
. (13.5.7)

Note that, of the three sides in the expression V (i, k), only one side ri is always independent of
the phase parameter δ.

13.6 Relation of J to quark mass matrices

The rephasing invariant J is expressed by the up- and down-quark mass matrices, Mu and
Md, as follows:

det(MuMd − MdMu) = 2iκuκdJ, (13.6.1)

for Hermitian matrices Mu and Md, where

κu = (mt − mc)(mt − mu)(mc − mu),
κd = (mb − ms)(mb − md)(ms − md).

(13.6.2)

The formula (13.6.1) can be derived by using the formula (4.1.3) for the traceless matrix A0 =
MuMd − MdMu. If the quark mass matrices are not Hermitian, we can also obtain a relation

det(HuHd − HdHu) = 2iκ2
uκ2

dJ, (13.6.3)

where Hq = MqM
†
q (q = u, d) and

κ2
u = (m2

t − m2
c)(m

2
t − m2

u)(m2
c − m2

u),
κ2

d = (m2
b − m2

s)(m
2
b − m2

d)(m
2
s − m2

d).
(13.6.4)

27Y. Koide, Phys. Rev. D73, 073002 (2006)
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