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Preface

For investigating a realistic model of the quarks and leptons, the phenomenological studies
of the masses and mixings will provide a promising clue. Then, the investigation should simulta-
neously be done both for masses and mixings, so that we usually take a mass matrix approach.
Many researchers have been reported along this line, and also, many useful formulae for the
mass matrix calculations have found. With the progress of the recent neutrino physics, the
concern to the mass matrix model-builders seems to be moving from quark mass matrix models
to neutrino mass matrix models. However, of course, the investigation of the quark mass matrix
is still not completed as well as that of the neutrino mass matrix. The mass matrix studies will
be continued still hereafter.

The purpose of the present note is not to discuss the physics on such the mass matrix models,
but to give a list of collected mass matrix formulae for convenience of the model-builders.

All the formulae have been checked by Professor H. Fusaoka. The author would like to
express his sincere thanks to Professor Fusaoka for his careful reading of the manuscript. He also
thank Mss K. Suzuki for typesetting this manuscript onto the Latex file. This work is supported
by the Grant-in-Aid for Scientific Research, Ministry of Education, Science and Culture, Japan
(No. 18540284).
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Notations and Conventions
We define Dirac mass matrix My for fermions f = (fi, f2, ---) by
Hiass :?LMffR"i‘?RM}fL- (0.1)
The mass matrices My are diagonalized as
Ul MUsr = Dy = diag(mpy, mypa, --). (0.2)
The mixing matrices Uy, and Uyg are given by
U}, M;MJU;, = D, (0.3)
UlpMM;Usp = D3, (0.4)

respectively.

For example, quark mass matrices (M,, My) are diagonalized as
UJLMHUUR = D, = diag(my, me, my), (0.5)

Ul MgUar = Dq = diag(mg, ms,my), (0.6)

Then, the Kobayashi-Maskawa (CKM) matrix V' is given by
V=Ul Ui, (0.7)

for the case fr, = qr = (u,d)p.
For a neutrino Majorana mass matrix M, (M = M,), which is defined by

Hypass = v Myvy, (0.8)
the mass matrix M), is diagonalized as
Ul MU = Dy, = diag(mu, mu2, mys) (0.9)
The Maki-Nakagawa-Sakata matrix U is given by
U=U/ U, (0.10)

where U,y, is defined by
UCTLMQUBR = D, = diag(me, my, m;) (0.11)



1 General Formulae

General formulae for arbitrary n x n matrices are given. For some of them, it is assumed
that they are Hermitian.

1.1 Trace

Definition

Trace of an n X n matrix A is defined as

TrA:zn:Aii. (1.1.1)
Related formulae
Matrices A, B, - - - are satisfied the following equations:
Tr(A+ B) = TrA + TrB, (1.1.2)
Tr(aA) = aTrA (@ : ¢ — number), (1.1.3)
Tr(AB) = Tr(BA), (1.1.4)
Tr(PBP™') = TrA. (1.1.4)

1.2 Transpose

Definition

Transpose AT of an n x n matrix A is defined by
(A7) = Aji. (1.2.1)

Related formulae

(A+B)T = A" + BT, (1.2.2)
(aA)T = aAT (a : ¢ — number), (1.2.3)
(AB)T = BT AT, (1.2.4)
Tr(AT) = TrA, (1.2.5)
(AT = A, (1.2.6)
1.3 Hermitian conjugate
Definition
Hermite conjugate AT an n x n matrix A is defined by
AT = (49T, (1.3.1)



Related formulae

(A+B)I = AT + BT,
(@A)t =a*A"  (a:c—number),
(AB)" = BT AT,
Tr(AT) = (TrA)*,
(ADT = A.

The following formula! is also useful:

B.

1 1
Trln(A+B):TrlnA+/0 dZTrA—}—zB

1.4 Exponential

Definition

Exponential e? is defined by

AN 1A”—1 A 1A2 1A3
n—=

Related formulae

For AB — BA = 0, we obtain

but, for AB — BA # 0, we obtain

e = exp (A+ Bt (4.5 + A~ BL(AB] - (B (A [AB]] + -

4!

(the Baker-Campbell-Hausdorff formula). Also, we can obtain

a2

aB Ae=aB — 4 4 %[B,A] + 5 BB A+ -

1.5 Determinant

Definition

Determinant det A is defined by

det A = |a,-j] = Z"?(R)CUHQQTQ C o Opgy,

'0. Cheyette, Phys. Rev. Lett. 55, 2394 (1985).

(1.4.1)

(1.4.2)
(1.4.3)

(1.4.4)

(1.4.5)

(1.4.6)

(1.4.7)

(1.5.1)



where R = (r1,7r9,---,7r,) and n(R) = +1 or n(R) = —1 according as R is even or odd permu-

tation of (1,2,---,n), respectively.

Related formulae

det AT = det A, (1.5.2)

det(AB) = det(BA) = det Adet B = det Bdet A, (1.5.3)
det A7 = (det A)~! (1.5.4)

det et = T4, (1.5.5)

log det A = Trlog A. (1.5.6)

For a 2n x 2n matrix M, the following formula is also useful: The determinant of the matrix

M= ( A C > (1.5.7)
D B
is given by
detM = det(A — CB™'D) - detB = detA - det(B — DA™(C), (1.5.8)
because
A C\ (A-cB'D B! 1 0\ (A0 1 A~lC
D B) 0 1 D B) \D1 0 B-—DA'C )
(1.5.9)

1.6 Inverse
The inverse of the matrix (1.5.6) is given by

( A C )1 _ < (A—CB'D)"! (D— BC~tA)"! )

D B (C*AD_lB)_l (B *DA_lc)_l (1.6.1)

This is easily confirmed by calculating MM .

1.7 Series expansion

When O(A) > O(B), the matrix
1

A+B

A+ B)7! is expanded as follows:

—~

1
A+ B
1 1

B

— o

11
= - aBitaBiB (1.7.1)

1.8 Expansion of a mass matrix in terms of rank-1 matrices

[Theorem]

A Hermitian mass matrix M is expressed as

i=1



where A; are rank-1 matrices, and those satisfy the relations
AjA; =6 A;. (1.8.2)
[Proof]
The Hermitian mass matrix M is diagonalized as

U'MU = D = diag(m1, mg, mg, -, my,) = »_m;D;, (1.8.3)

where

Dl = dla'g(17070)7
Dy = diag(0,1,0), (1.4.4)
D3 = dla’g(ov 0, 1)5

and so on, so that

Therefore, M is expressed as
M =UDU' = Zml i (1.8.6)
where
A; =UD;UT, (1.8.7)

so that the rank-1 matrices A; satisfy the relations

AiA; =UDUTUD;UT = Usi; DU = 65 A;. (1.8.8)
[Corollary]
A Hermitian matrix H;, = MM (and also Hp = MTM) is expressed as
Hpyg =Y mi4;, (1.8.9)
i=1
where rank-1 matrices A; satisfy the relations
[Proof]
Hyry = Uy D*US Zm (1.8.11)
where
Ai = Uy Dil} (1.8.12)

so that from the discussion similar to (1.8.8) we can confirm the relations (1.8.10).
[Corollary]
The relation (1.8.1) with (1.8.2) and (1.8.9) with (1.8.10) are applicable to the neutrino

mass matrix M, which is diagonalized as

UM, U =D, (1.8.13)



[Proof]

If M, is a real matrix, the matrices A; in the expression
n
Ml/ = Z miAia
i=1

are given by
A =U,D;U},

where U, is orthogonal matrix.

If M, includes complex parameters, the matrices A; in the expression

n
M, M} =>"miA;,
=1
are given by
A; = U,D;UJ,

for Hy = M, M .

(1.8.14)

(1.8.15)

(1.8.16)

(1.8.17)



2 Fierz Transformation

The Fierz transformation is very useful for calculating a trace of a matrix. The Fierz

transformation for n x n Hermitian matrices is reviewed.

2.1 General formula

An arbitrary n x n Hermitian matrix A has n? independent parameters, so that it can be

expanded by n? independent matrices F; (i = 0,1,2,---,n? — 1) as follows:
n2-1
A= Z aiEv
i=0

where F; is normalized as

Then, by solving (2.1.1) inversely, we can obtain
1

By substituting (2.1.3) for (2.1.1), we obtain

1 n2-1

- Z Tr(AF;)F;.

1=

A:

When we consider a case

Aaﬁ = 5ap50'67
the relation (2.1.4) leads to a formula
1 n?—1
dapdop = L Z (Fi)ocﬁ(Fi)ap'
=0

(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

For arbitrary n x n Hermitian matrices A and B, the following formulae are derived by

using Eq.(2.1.6):

n?-1

1
Tr(A)daps = - > (FAF;)ag,
=0
1 n2-1 1 n?2—1
Tr(A)B =1} FAFRB=_ % BFAF,
=0 =0
n2—1
TrATB = - > Tr(F,AF;B),
=0
1 n2-1
Tr(AB) = ¢ > Tr(AF,) Te(F;B).
=0

(2.1.7)

(2.1.8)

(2.1.9)

(2.1.10)



Usually, the matrix Fp is chosen as

Fy = 51, (2.1.11)
n

so that the trace of F}, is zero from the definition of Fj, (2.1.2),
Tr(F) =0 (k#0). (2.1.12)

By choosing A = Fy, (k # 0) in Eq.(2.1.7), we obtain
k
> FiFF; = —EFk (k #0). (2.1.13)
Also, the formula (2.1.10) is written as
1 1
Tr(AB) = ~Tr(A) Te(B) + . Y Tr(AF) Te(EiB). (2.1.14)
" i=1

The formula (2.1.14) is known as the Fierz transformation.

If the matrices F; are matrices of the ad joint representation in U(n), they satisfy the

relation
Tr(F,F;) = T(R)5;;, (2.1.15)
where )
k=T(R) =3, (2.1.16)
and the Casimir invariant Cy(R) is given by
n?—1
Co(R) = Y F? (2.1.17)
i=0
where
Cy(R) = g for U(n), (2.1.18)
n?—1
Cy(R) = 5T for SU(n). (2.1.19)

2.2 Case of 2 x 2 matrices

We can choose a unit matrix oy and three Pauli matrices o} as 4 matrices Fj:

10 01 0 —i 1 0 221)
on = ,U: ’O': ’O': P r“n
0 01 ! 10 2 i 0 3 0 —1

which satisfy
TI“(O’Z‘O']‘) = 25ij7 (222)

so that we regard F; as F; = (1/2)o; in order to take k = 1/2. Then, we obtain the formula

3
Tr(AB) = %Tr(A) Tr(B) + %ZTr(Aak) Tr(o,B). (2.2.3)
i=k



2.3 Case of 3 x 3 matrices

For the case of 3 x 3 matrices, we choose a unit matrix 1 and Gell-Mann’s A matrices as 9

matrices Fj:

s(1 00 010 0 —i 0
)\0—\/; o010, M=[100]|, a=|i 0o o],
00 1 00 0 0 0 0
1 0 0 00 1 —i
=0 10|, M=]l000], A= o |,
0 0 0 100 i 0
000 00 0) (100
=00 1|, M= 0 —i |, )\8:\/; 01 0 |, (2.3.1)
010 0 i 0 00 —2
which satisfy
Tr(Aid;) = 26, (2.3.2)

so that we regard F; as F; = (1/2)); in order to take k = 1/2. Then, we obtain the formula
1 1
Tr(AB) = gTr(A) Te(B) + 5 > Tr(AN) Tr(AxB), (2.2.3)
i=k
from Eq.(2.2.3). For fermion fields v, (a = 1,2,3,4), we obtain

8
(V192) (Vgtha) = Z V1 \ka) (V3 Aetba), (2.2.4)

l\D\H

where the sign —1 comes from the interchange of the fermion fields. The following formula is

also useful:

—_
—_

8 8
(UJﬂlJz (V3ths)— = Z D1 Ak2) (V3 Aeths) = (1/) Pa) (P3iha) — = Z Y1 Aka) (V3 Atha). (2.2.5)

[\D
[\’)

Note that, in the expressions (2.2.4) and (2.2.5), factors from ~ matrices for four spinor fields

1, must also be taken into consideration as stated in the next section.
2.4 Case of 4 x 4 matrices

Any 4 x 4 matrix can be expanded by 16 independent matrix I'; (i =0,1,---,15):

L = (1,7,7% 7", 7%75, 775, 0™, 0%%), (2.4.1)

where k,¢ =1,2,3, and v* are the so-called v matrices

ago 0 0 Ok
A0 = . A= , (2.4.2)
0 —o9 —op 0

0 (o1]
v =7" =iy = ( ) : (2.4.3)
ogp O

and



The matrix ¥ is defined by

Then, the matrices I'; satisfy

TI‘(FZP]) = 46”
Therefore, the formula (2.1.6) is explicitly given by

115

Sapbar = 7 3 (Cas(Te)op
1=0

Here, the sum is symbolically expressed as
ZD@D =101+ 7+ %Y + 7,75 @5 + o ® M.
i
For four spinor fermion fields v,, Eq.(2.4.7) gives

115

(192) (P31ha) = 1 > (W Ditpa) (3T ieh2)

i=1

(2.4.4)

(2.4.5)
(2.4.6)

(2.4.7)

(2.4.8)

(2.5.9)

where the factor —1 from a fermion field exchange has already be taken into consideration. A

more general case is given as follows:

15
(01T at2) (V3T i) = —% D (LAl ptoa) (P3Titha).
=1

The typical cases are as follows:

(D1 yut2) (37" 1ha) = —(1h10a) (W31h2) + (V17510a) (Y375¢2)

45 @) T ea) + 5 @isa) @t vsve)
(D17u(1 % 75)12) (37" (1 % 45)10a) = (17u(1 & 75)1ha) (37" (1 % 75)1b2),
(17 (1 £ 5)12) (37" (1 F v5)04) = =217, (1 F ¥5)9a) (037" (1 % 75)1b2),

(1 (1% 20)162) (a1 % 95)b0) = =5 (B (1 % 35)90) 1 % 75)1)
1 (1 98)0) (B (1 £ 35)0 ).

(D170 (1 & 45)1h2) (V37H9ba) = — 5 (1 (1 F ¥5)ha) (¥3(1 £ ¥5)12)

1
3
5 @1l £ 75)00) (B (1% 75)0),

where we have used the formulae for the v matrices:
T
YV = =27,

10

(2.5.10)

(2.5.11)

(2.5.12)

(2.5.13)

(2.5.14)

(2.5.15)

(2.5.16)

(2.5.17)



(e0123 = +1).

YAV Y = 4gxps
Y VAV Vo = =297V
i
OuvYs = §5uupaapaa

10 Yp = — €AY V5 + VuGvp — Vo Tups

11

(2.5.18)

(2.5.19)
(2.5.20)

(2.5.21)



3 Diagonalization of an (m +n) x (m +n) Matrix

We obtain a seesaw type expression from an (m + n) x (m + n) matrix.

3.1 Formulation
The (m +n) x (m + n) matrix

A C
M:<D B) (3.1.1)

is diagonalized by the following mixing matrices Uy, and Ug:

Dy, 0
U{MUR=< D ) (3.1.2)

Uy = ( (1 +prpp)” (3.1.3)

1 + _1
2 —pr(1+phpr)2 )
ph (L +prpl) L+ phpr)”

NI

1

_ _1

Un — (1+prpR) ™2 —pr(1+ phor) "2 L4

R = + i + 1 s (3. . )
pr(L+prpp) (14 pppr) 2

where
A :m X m matrix,

B : n X n matrix,
C :m X n matrix,
D : n x m matrix,
D,, : m X m matrix,
D,, : n X n matrix,
PL/R M X N matrix.
Here, the matrices D,, and D,, do not mean that they are diagonal.

The expressions (3.1.3) and (3.1.4) automatically satisfy the unitary conditions
UU#QM:UL#QB:I. (3.1.5)
Here, for derivation of UU' = 1, we have used the following relations
p(1+plp)™ = (1+pp")~'p. (3.1.6)
P+ pph) ™ = (14 pTp) "ol (3.1.7)

3.2 A case of an (m +n) x (m +n) Hermitian mass matrix

When an (m +n) x (m + n) mass matrix M is Hermitian, the mass matrix is expressed as

M
M=t ™, (3.2.1)
TTLT M2

12



and the matrix (3.2.1) is diagonalized as follows:?

D 0
vimMu = 71 , (3.2.2)
0 Dy

where U is defined by

_ ( 1+pph)72  —p(1+plp)~2 ) (3.23)
- 1 _1 . 4.
pl(L+pph)72 (1 +plp)2
Then, we obtain
(UTMU)12 = (1 + pp!) "2 (pMo — Mip+m — pmlp)(1 + plp) 3, (3.24)
1 1
(UTMU)11 = (1 + pp') "2 (M + pMap' + mp' + pmT) (1 + pp!) 72, (3.2.5)
(UTMU)22 = (1 + plp) "2 (o' Mip + My — pfm — mf p) (1 + pfp) 3, (3.2.6)
From Eq.(3.2.4), we get the condition for the matrix p,
oMy — Mip+m — pmip=0. (3.2.7)
Then, we obtain expressions for D; and Ds,
1 1
Dy =1+ pp") 2(My+ pmb)(1 + pp')*2, (3:2.8)
Dy = (14 plp)*3 (My — mip)(1 + pfp) 2. (3.2.9)
3.3 Seesaw approximation
We consider a case
O(M3) > O(m) > O(M). (3.3.1)
From Eq.(3.2.7), we approximate
p=(m— Mp)(My—mlp)™t ~ (m+ MymM; ) M; (1 — m'mM;?). (3.3.2)
Since
pp! ~mM, *mf, (3.3.3)
1
(1+pph)y 21— MMy m?, (3.3.4)
we obtain . ,
Dy ~ <1 - 2mM22mT> (M; — mMy tmT) <1 - 2mMQQmT>
1 -2+ -2 %
~ M - (mMy *mf My + Mym My *m?)
1
—mMytml + 3 (m]\@_lmeMQ_QmJr + mMQ_QmeMQ_ImT) , (3.3.5)
from Eq. (3.2.8). And also, from Eq. (3.2.9) and
plp =~ MytmimM,?, (3.3.6)

2See Appendix in Y. Koide and H. Fusaoka, Z. Phys. C71, 459 (1996).

13



we obtain

1 1
Dy ~ (1 + 2M2_1meM2_1> (My +m'mMyt) (1 — 2M2—1meM;1>

1 1
~ My + §meM{1 + nglmfm. (3.3.7)

The mixing matrix U, (3.2.3), is given by

1— ImM;2mt mM; (1 — LM P mtm !
U:< 2 2 ( i ; ) (3.3.8)

—MQ_lmJr (1 - %mMQ_QmT) 1- %M{lmeMQ_I

14



4 General Formulae for 3 x 3 Matrices

General formulae for arbitrary 3 x 3 matrices are given.

4.1 Determinant

For a 3 x 3 matrix A, the determinant of A is given by
1 3y 1 2 1 3
detA = gTr(A ) — §Tr(A )TrA + 5 (TrA)

_ 1

"3

For a traceless matrix Ag
Ag=A— %Tr(A) 1,

we obtain

1
detAg = gTr(Ag).
From Eq. (4.1.2), we can express detA as

5

detA — detAg = =

1 1
—(TrA)? — =Tr(A%)TrA
27( ) 5 (A7)

4.2 Trace

For arbitrary 3 x 3 matrices A and B, the trace of the matrix AB is given by

8
Tr(AB) = éTrATrB + % S Te(A) Tr(BA,),

a=1

where )\, are Gell-Mann’s A matrices,

010 0 —i 0
AMM=110 0 [, =114 0 0],
0 00 0 0 0
0 01 0 0 —i
AM=1]100 0 [, As=100 0 |,
100 i 0 0
0 00 0 0 O
=100 1|, AM=100 —i |,
0 0 i« 0
1 0 0 ) 10 0
A3=10 -1 0 [, d=—70=| 01 0
3 8 73
0 0 0 —2
which satisfy the relations
Tr(As) =0,

[Te(4%) — (Tr4)?] - % [T2(4%) — (Tr4)?] Tr.

(TrA) — éT&“(AQ)T&“A.

(4.1.1)

(4.1.2)

(4.1.3)

(4.1.4)

(4.2.1)

(4.2.2)

(4.2.3)



Tr(AaAp) = 2d4p. (4.2.4)
If the 3 x 3 matrices A, B, C' and D have the same traces, i.e.
TrA =TrB = TrC = TrD, (4.2.5)
those satisfy the relation
Tr(ABCD + ACBD + ABDC + ACDB + ADBC + ADCB)
=Tr(AB)Tr(CD) 4+ Tr(AC)Tr(BD) + Tr(AD)Tr(BC). (4.2.6)
For the case with A = C and B = D, we obtain
ATr(A%B?) + 2Tr(ABAB) = 2Tr(AB)Tr(AB) + Tr(A%)Tr(B?). (4.2.7)

For the case of A = B, we obtain

Tr(A%) = % (Tx(4%)’. (4.2.8)

If the matrix A is not traceless, then we can define a traceless matrix Agy as
1
Ag=A— gTr(A) -1, (4.2.9)

so that we can derive formulae for non-traceless matrices correspondingly to Eqs. (4.2.6) —

(4.2.8). Here, it is useful to use a formula
AoBo = AB — %Tr(A) B %A TeB + %Tr(A)Tr(B) 1 (4.2.10)
For example, we obtain
Tr[AgBo] = Tr[AB] — %Tr[A}Tr[B], (4.2.11)
Tr[AoBoCo) = Tr[ABC] — éTr[A]Tr[BO] _ éTr[B]Tr[CA]
—éTr[C]Tr[AB] + gTr[A]Tr[B]Tr[C], (4.2.12)
Tr[A3] = Tr[A%] — Tr[A]Tr[A?] + S(Tr[A])S, (4.2.13)
and so on.

4.3 Hermitian matrix

[Theorem]

An arbitrary Hermitian matrix A satisfies the relation

1
A=A A 4 [(TrA)? — Te(4%)] A - detA = 0, (4.3.1)
[Proof]
The Hermitian matrix A is diagonalized as

UTAU = D = diag(ay, az, as). (4.3.2)
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The eigenvalues a; satisfy the relations

a? — (a1 + a2 + (13)&? + (a1a2 + azas + asaq)a; — ajazas = 0, (4.3.3)

i.e. .
a} = TeA-af + 5 [(TrA)? — Te(4%)] - a; — detA =0, (4.3.4)

because
TrA = ay + as + as, (4.3.5)
1

csid = 3 [(TIA)2 - Tr(A2)} = ajaz + azas + azay, (4.3.6)
detA = ajasas. (4.3.7)

(The function csiA has, for example, been used by Laboura3.) The relation (4.3.4) means

1
D®—TrA-D* 4 o [(TrA)? — Te(4%)] D — detA =0, (4.3.8)
so that we obtain the relation (4.3.1).
[Corollary]
When we denote
c1 = TrA, (4.3.9)
1
=3 [(TeA)? - Tr(4?)], (4.3.10)
c3 = detA, (4.3.11)
we can denote Tr(A™) as follows:
TrA = ¢y, (4.3.12)
Tr(A?) = ¢ — 2¢o, (4.3.13)

Tr(A3) = ¢;Tr(A?) — coTrA + 3c3
= ¢} — 3cica + 3c3, (4.3.14)
Tr(A%) = 1 Tr(A43) — ¢ Tr(A?) + 3 TrA

=] —4cico + 4eies + 263, (4.3.15)
Tr(A%) = ¢} — 5cicy + 5ces + bepc — Seacs (4.3.16)
Tr(A%) = ¢f — 6ctea + 6cies + 9cie3 — 12¢1cac3 — 265 + 3¢3, (4.3.17)
and so on, by using
Tr(A™3) — ¢; Tr(A™2) + e Tr(A™h) — c3Tr(A™) = 0. (4.3.18)
[Corollary]
The expressions in terms of
t1 = TI'A,
to = Tr(AA), (4.3.19)
ts = Tr(AAA),

3L. Laboura, Phys. Rev. D41, 2275 (1990).
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are also useful:

1 1
cy = §t§ -5t (4.3.20)
1 1 1
c3 = detA = éti’ - Stita + 315, (4.3.21)
— La_ 0 Lo 4
t4 = TI'(AAAA) == étl — t1t2 + §t2 + gtltg, (4322)
1 1

A3 —t A% + 5(t% —ty)A — é(tif — 3t1to + 2t3) = 0, (4.3.23)

1 1
A3 AT 5(t% — tg) AV 6(ti’ — 3tity + 2t3)A™ = 0. (4.3.24)

4.4 Unitary matrix

An arbitrary 3 x 3 unitary matrix U satisfies the relations

UiUjm — UinUji = Upy = (U, (4.4.1)
* * 1 * * *
UaUimUUjm = 5 [(Uz‘ 1) = (Ual)? = (UimUjm)z} : (4.4.2)
" 1
Re(UnUjmUpnUpt) = 5 (1Uin (U2 = [Oa PO = (Ui 21U ?) (4.4.3)
where (i, j, k) and (I, m, n) are cyclic permutations of (1,2,3). The formula (4.4.1) explicitly
means

Ur2Uaz — U13Usz2 = U3, (4.4.4)
Ui3Us1 — U11Us3 = U§2, (4.4.5)

and so on.

4.5 Derivatives

Derivatives of a scalar function f(A) with respective to a 3 x 3 matrix A are given as follows:

0
8—ATrA =1, (4.5.1)
8—Tr(AA) =2A (4.5.2)
0A - o
0
8—ATr(AAA) = 34A, (4.5.3)
a—T (BA)=1B (4.5.4)
9A T = B, 5.
a—Tr(BAA) = BA+ AB, (4.5.5)
0A
g—ATr(BAAA) = BAA+ ABA+ AAB, (4.5.6)
and so on, where
0
a—Af(A) =G, (4.5.7)
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denotes

0
A) = . 4.5.
5/ () = G (45.5)
Since derivative of a matrix GF with respective to A is given by
O(GF);j 8le OFy;
oA, Z ;sz@Aab’ (4.5.9)
we obtain the following formulae:
0
—A= 4.5.1
0A (4.5.10)
6)—AA 10 A+A®1, (4.5.11)
0A N e
gAAAA—1®AA+A®A+A®1 (4.5.12)
8—BA B® A, (4.5.13)
9 5.
g—ABAA B® A+ BA®1, (4.5.14)
;)ABAAA B®A+BA® A+ BAA®1, (4.5.15)
and so on, where, for example, the formula (4.5.11) denotes
0
94, (AA)U = 5iaAbj + Amébj. (4516)
4.6 S = 5ikm5j€nAijBk€Omn
In some models, a cubic term
S = 5ikm5jZnAijBkZCmn; (461)

becomes important. For example, if A, B and C are octets of an SU(3) symmetry, the matrix
S is a singlet of the SU(3). In an SO(3), S is also a singlet of the symmetry.
It is useful to express the matrix S in terms of traces of A, B and C. The matrix S can be

expressed as follows:
S = Tr[ABC + CBA]| — Tr[A|Tr[BC] — Tr[B|Tr[C A] — Tr[C]Tr[AB] + Tr[A] Tr [ B| Tr[C]. (4.6.2)

The quantity S is totally symmetric under an exchange among A, B and C.
[Proof]

We can write S explicitly as

S= Y > [(AuB2 — AiB1) — (A Bz — A1 Bi1)|Cns, (4.6.3)
(1,2,3) (i.5,h)
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where (i, j,k) denotes cyclic permutation of (1,2,3), and 37(; 3y denotes }7 o3y Xi2a3 =

Xi9a3 + Xo3a1 + X31a9. For example, the coefficient of Cog is given by

A31B12 + A12B31 — A32B11 — A11 B3

= A31B12 + A12B31 — A32B11 — A11B32
+A32 B2 + A2 B3y — A3aBas — A22B3o
+A33Bs2 + A32 B3z — A3 B3z — A33Ba2

= (AB)32 + (BA)s2 — AsoTr[B] — Tr[A] Bsa.

Also, we can find that the coefficient of Csg
A11Baog + A2 B11 — A12B21 — A21 Bao,
can be written as
(AB)33 + (BA)ss — As3Tr[B] — Tr[A]|Bss + Tr[A]Tr[B] — Tr[AB].
Therefore, in generally, the coefficient of Cj; can be expressed as
(AB)ji + (BA)ji — AjiTr[B] — Tr[A]Bji + 65; (Tr[A]Tx[B] — Tr[AB]),

so that we can obtain the formula (4.6.2).

[Corollary]
For B = C, we obtain

S = 2Tr[ABB] — Tr[A|Tr[BB] — 2Tr[B]Tr[BA] + Tr[A]Tr*[B).
Also, for A = B = C, we obtain
S = 2Tr[AAA] — 3Tr[A]Tr[AA] + Tr3[A].

By comparing with (4.1.1), we find
S = 6detA.
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5 Eigenvalues of an Arbitrary 3 x 3 Matrix

General formulae for eigenvalues of an arbitrary 3 x 3 Hermitian matrix are given. The

formulae are useful for investigating the mass spectrum of the 3 x 3 mass matrix.

5.1 General case

For convenience, we denote the case that the matrix M is Hermitian. If it is not so, we can
make a Hermitian matrix by MM (or MTM).

Generally, the eigenvalues z; (i = 1,2, 3) are given by solutions of the cubic equation

3 —ar® +bx—c=0, (5.1.1)
where
a="TrM, (5.1.2)
b= % [(TeM)? = Trear?), (5.1.3)
c = detM. (5.1.4)

Since M is a 3 X 3 matrix, we can rewrite detM as

1 1 1
c= gTrM3 - 5TrMﬁM2 + 6(TrM)?’. (5.1.5)
When we define )
y=z-30 (5.1.6)
we obtain a cubic equation

y* —3py —q =0, (5.1.7)

where .
p= §(a2 — 3b), (5.1.8)

1

q= 277(2613 — 9ab + 27c). (5.1.9)

Then, from the Cardano’s formula, we obtain the following solutions y; (i = 1,2, 3)

y1 = a+ﬂa
Y2 :wa+w2ﬂ7 (5110)
Y3 = w?a + wp,
where
: —14+1v3
W= 3T = ‘;7"[, (5.1.11)
1 1
2 _ 4p3 3 _ 2 _ 4p3 3
Y <q+qu> . (q WJQP) . (5.112)
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Therefore, we obtain the following solutions x; (= ;)

x1:%a+a+ﬂ,
T2 = ta+wa + w?ps,
r3 = $a+ w’a + wp,

Note that
y1+y2+y3=0,

so that

1+ X2+ T3 = a.

The result (4.1.14) is a matter of course, because

CLZTI"M:)\l—i-)\Q—I—/\g.

5.2 Real eigenvalues

(5.1.13)

(5.1.14)

(5.1.15)

(5.1.16)

From the definitions of a and 3, (4.1.12), we find that we can obtain three real solutions

y; (x;) only for the case with

p>0 and 4p® —¢% > 0.

Under the condition (5.2.1), we can write

1
o = 3 (q+i\/4p3—q2> =r

361307

1 .
3% = 5 <q — iy /4p3 — q2> — 3130

i

4p3 — 2.

where )
= a8 = [ - (¢ - w?)] =,
i.e.
r = /D,
and , - 5
I VAap3 —
tan 30 = ma -
Rea? q
i.e.
0 L in 36 L
cos 30 = iﬁq, sin 30 = iﬁ

Therefore, we obtain
y1 =a+ = 2rcosé,

Yo = wa + w? B = 2r cos 9+%7r ,
9—%71'

Y3 = w?a + wf = 2r cos
From Egs. (5.1.2)-(5.1.4), we can denote

1, 1. 1

ey o= gy oo o]
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l.e.

1
r= 3—\/5\/3TrM2 — (TrM)2, (5.2.9)

and
2 5 9
= —=a>— fab +c= —5—(TrM) - 571T&vMT&rM? + det M. (5.2.10)

In conclusion, we obtain the eigenvalues x; of M

T = %a + 21 cos 6,
Ty = ta+ 2rcos(f + Zm), (5.2.11)
x3 = 2a+ 2rcos(f — 27).

Note that

1
detM = z1xox3 = 2—7a + ar® + 2r3 cos 36. (5.2.12)

The relation (5.2.12) will be useful for evaluation of the value of 6.

5.3 Formulae for 3 eigenvalues

As we discussed in Sec.4.2, especially, in Eq.(5.2.11), it is useful to express the 3 eigenvalues

as
_ a b
T] = %b \/gsme
T9 = % - ﬁsm(O + 2m), (5.3.1)
xr3 = % - %sm(@ + 4m).

Here, we have redefined the parameters a and 6 against Eq.(5.2.11). From the expression (5.3.1),

Q

we obtain the following relations:

3
TrM =1 + 29 + 23 = \/;a, (5.3.2)
1

TrM? = 2} + 23 + 25 = 5(&2 +v?), (5.3.3)

1 2 2 Lo 5o
B [(TrM) —TrM } = 2122 + To2x3 + X371 = Z(Qa —b%), (5.3.4)

_ a2 3
detM = xywox3 = oL \[ [fa(ga 3b°) + 2b sm39] (5.3.5)
1

TeM* = 2f + 28 + 2 = ﬂ(2a4 + 12a%b? + 3b* + 4v/2ab> sin 36). (5.3.6)

Note that the quantities Yx; and Eac? are independent of the parameter 6.
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6 Matrix Form Under a Specific Rotation

We give matrix forms which are transformed by a specific 3-dimensional rotation.

6.1 Rotation in a two-dimensional plain

We define the following two-dimensional rotations

1 0 O
Ri=|[0 ¢ s |, (6.1.1)
-5 c
0 s
Ro=1] 0 1 0 |, (6.1.2)
-5 0 ¢
c s O
R3=1] —s ¢ 0 |, (6.1.3)
0 01

where s = sinf and ¢ = cosf. Then, the matrix M

My Mg Mis
M= My My Mo3 (6.1.4)
M3y Mss Mss

is transformed as follows:

My Misc — My3s Misc+ Mias
RIMRy = | Myc— Mss Moyc® + Mszs® — (Mas + Msa)es  (Mag — Msg)es + Masc? — Msos®
Mszic+ Moys (M22 - M33)CS + M3262 - M2382 M2282 + M3302 + (M23 + Mgg)cs
(6.1.5)
M1102 + M3382 — (M13 + Mgl)cs Misc — M3a9s M13C2 — M3182 + (M11 — M33)CS
RgMRQ = Msy1c — Moss Moo Mozc + Mo s
M3102 — M1382 + (Mu — Mgg)cs Mssce + Mias M1182 + M3362 + (M13 + Mgl)cs
(6.1.6)
My1c? + Mags® — (Mig + May)es  Miac? — Moys® + (Myg — Mag)es  Misc — Mags
RIMR3 = | Myc® — Migs® + (Myy — Mag)es  Myys® + Maoc?® + (Myg + May)es  Mage + Myss
Msic — Msss Msoc+ M3y s Mss
(6.1.7)
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6.2 Rotation into an S; basis 000

Under the rotation

(6.2.1)
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matrices M are transformed as shown in Table 6.2.1.

Table 6.2.1 Rotation into an S3 basis
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6.3 Bi-maximal mixing

Under the bi-maximal mixing

11 1
2 2 /2
1 1 1

U= 2 32 —5
1 1 0
V2 V2

1
=10
0

= o O

S = O

- = &
—= o
- oSk

o

V2

matrices M are transformed as shown in Table 6.3.1.

V2

Table 6.3.1 Rotation under the bi-maximal mixing

M UMUT =UTMU Eq. No.
1 00 1 1 V2
000 i1 1 V2 (6.3.2)
000 V2 V22
000 1 1 =2
010 1 1 1 =2 (6.3.3)
000 -2 -2 2
000 1 -1 0
000 il -1 0 (6.3.4)
001 0 0 0
010 11 0
1 00 110 (6.3.5)
000 00 —2
0 0 1 V2 0 1
000 il 0 —v2 41 (6.3.6)
100 1 -1 0
000 V20 -1
001 il 0 —v2 1 (6.3.7)
010 -1 1 0
0 0 1 0 0 1
0 0 -1 0 0 -1 (6.3.8)
1 -1 0 1 -1 0
0 10 00 —1
1.0 0 5|00 -1 (6.3.9)
0 0 0 11 0
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M UMUT =UTMU Eq. No.
0 0 1 0 —v2 -1
0 00 ;1 v2 o 1 (6.3.10)
-1 00 1 -1 0
0 0 0 0 —v2 1
0 0 1 sl v2 0o 1 (6.3.11)
0 -1 0 -1 1 0
1 0 0 00 1
0 -1 0 001 (6.3.12)
0 0 0 110
100 110
010 1110 (6.3.13)
000 00 2
10 0 -1 3 0
01 0 ;| 3 10 (6.3.14)
00 —2 0 0 2
00 1 1 0 0
00 1 V210 -1 0 (6.3.15)
1 0 0 0 0
110 110
110 110 (6.3.16)
000 000
111 3+2v2 1 0
111 3 1 3-2v2 0 (6.3.17)
111 0 0 0
11 3 1-2v2i 0
11 3| 1+2v2i 3 0 (6.3.18)
—i —i 1 0 0 0
0 0 € cos¢p —ising 0
0 0 e V2| ising —cos¢ 0 (6.3.19)
7 7 0 0 0 0
0 0 € V2 cos ¢ 0 —isin¢
0 0 e 0 —V2cos¢p  ising (6.3.20)
e e 0 1sin ¢ —isin ¢ 0
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6.4 Formulae on the tri-maximal mixing

6.4.1 Definition

The tri-maximal mixing matrix Vr is defined by

1 1 1
Vi = L w o w? 1 Vi =
VEN T
w® w 1
where
2
w 3
wd=1 ,
l+w4w?=0.
The matrix Vr satisfies the following relations
0
(Vr)? 0
w2
1
(VT)4 = w2 0
0

6.4.2 Transformation VTMVTT

V3

o & o
S O =

oS = O
_= o O

The matrix forms under the transformation VM V; are given as follows:

Vrl 0 0

Vr

29

1 w w
— |1 w |, (6.4.1)
1 1 1
(6.4.2)
(6.4.3)
(6.4.4)
, (6.4.5)
(6.4.6)
w?  w
1 w? |, (6.4.7)
w 1
w o w?
1 w , (6.4.8)
w2 o1
11
11 ) (6.4.9)
11
-1 -1
-1 2 ; (6.4.10)
2 -1
—w —w?
-1 2w ) (6.4.11)
20?2 —1



(6.4.12)
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(6.4.20)

(6.4.21)

(6.4.22)
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6.4.3 Transformation VQT,MVT
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The matrix forms under the transformation V;M Vr are given as follows:

(6.4.23)

N o

— o

— =

(6.4.24)

(6.4.25)
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(6.4.28)

—1
-1

(6.4.29)

(6.4.30)

(6.4.31)

1—w

w? —w
2

wWw—w wr-1

wWw-—w w—w?

—1

(6.4.32)

(6.4.33)
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(6.4.34)
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Vr

o o O

6.4.5 Transformation VQT,MVI’E

The matrix forms under the transformation V;M Vi are given as follows:

1
Vil o
0
0
Vil 1
1
1
Vil o
0
1
vil o
0
0
vil 1
0

6.4.6 Transformation for a circulant matrix

o o O

— o O

When we define a circulant matrix 7'(0) as

VTT(G)V;E = cosf

VIT(0)V = cos b

33

010
100
00 1
0 -1 0
-1 0 0
0 0 2
0 1
10
0 0
100
0 1
010
w2 0 0
w 0
0 1
100
010
00 1
—10
e? | =T110),
0
+/3sinb
—V/3sinf

—_ = =
—_ = =
—_ = =

(6.4.45)

(6.4.46)

(6.4.47)

(6.4.48)

(6.4.49)

(6.4.50)

(6.4.51)

(6.4.52)

(6.4.53)

(6.4.54)



2.0 0 0 0 0
VrT(0)Vrl =cos6| 0 0 —1 |++V3sin0| 0 0 1 |, (6.4.55)
0

0 -1 0 -1 0
T?(0) = 21 + T(—20) , (6.4.56)
T(a+ ) = cos BT (a) + sin ST (a + g) , (6.4.57)
aT(a) + T (B) = \/a? + b + 2abcos(a — B)T(¢) , (6.4.58)

asina + bsin 3
t = . 6.4.59
an ¢ acos« + bcos 3 ( )
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7 Democratic Mass Matrix

Formulae related to the so-called “democratic” mass matrix model are given.

7.1 General Formulae

A nearly democratic* mass matrix M is given by
M = aX + Y, (7.1.1)

where |a|? > |b|?, X is the so-called “democratic” matrix

(7.1.2)

Il

|
—_ = =
—_ = =
— =

and Y is a 3x3 matrix with the order of one. The democratic matrix X is diagonalized by the

mixing matrix A

1 1 0
NERRY)
_ 1 1 2
A=| & = - | (7.1.3)
1 1 1
VioV33
as
000
AXAT =10 0 0 (7.1.4)
00 1

7.2 Inverse

The democratic matrix X defined by Eq.(7.1.2) does not have the inverse, because det X =

0. However, when we define

. 1 el i
X(@)=g| e 1 e |, (7.2.1)
et 1o 1

the matrix X (¢) has the inverse

X(@)t=1p| e 0 €F |, (7.2.2)
e e
where -
bl =2 ———, 7.2.3
SREETEr) 729

4The terminology “democratic” was first named by Jarlskog: C. Jarlskog, in Proceedings of the International

Symposium on Production and Decays of Heavy Hadrons, Heidelberg, Germany, 1986 edited by K. R. Schubert.
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1
B = 5(77—¢)~

An approximately democratic mass matrix

14+e €9 e~
M=| e 1+4+¢ €9 =3X(¢) + €1,
et e 1+4¢

has the inverse

a b b*
Mt=| v a b | = {3){(5) - <1— é”’) 1] ,
b b a
where
(2+¢e)
a = Asi 2/3 97
sin®(5¢) — (3 +¢)e
b= b,
" \/€2C082(%¢)) + (2+5)Qsin2(%¢)
B 4sin®(3¢) — (3 +£)e?
and )
B =7+ 0 — 7¢7
2
. . (2+¢) sin(%(]ﬁ)
sind = \/52 cos2(2 ¢)+(2+e¢)2 sin2(%¢)’
cosd = e cos(54)
\/62 cos2(2¢)+(2+e)? sin?(2¢)
a (2+¢)e

0] \/62(3082(%¢) + (2+6)251n2(%<;5).
For a case with general phases

1d4e ez gign
M = e~z 1 g i ,
31 p—ida3 +e

we define a phase matrix P
P = diag(e™", €2, ¢!%),

and we denote M as
M=P(3X(¢)+e1 )P,
where

P12 = ¢ + 01 — d2,
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(7.2.4)

(7.2.5)

(7.2.6)

(7.2.7)

(7.2.8)

(7.2.9)

(7.2.10)

(7.2.11)

(7.2.12)

(7.2.13)

(7.2.14)

(7.2.15)



¢23 = ¢ + d2 — 03,

$31 = ¢ + 03 — 01, (7.2.16)
and
P12 + P23 + P31 = 3. (7.2.17)
Then, we obtain
L= P [3X(5) - ( 1- & ) 1} pt. (7.2.18)

7.3 Nearly democratic mass matrix

Let us diagonalize a nearly democratic mass matrix®

) 1 1 1 er 0 O
M = 3¢ 1 1 1 |+ 0 & 0 [. (7.3.1)
1 1 1 0 0 g3
We define the following mixing matrix Up
1 11
V2 V6 VB
Up = _% %3 % (7.3.2)
V6 V3
Then, form the formulae (6.2.2)0 (6.2.4) and (6.2.10) for the rotation by Up, we obtain
0 00
Mp=Up™MUp=al|l 0 0 0
( 00 1
3(e1 + e2) V3(e1 — €2) V6(e1 — €2)
+5 V3(e1 —e2)  e1dextdes V2(er +eg—2e3) |- (7.3.3)
V6(e1 —e2) V2(e1 +e2 —2e3)  2(e1 +e2+e3)
When we define
ex = J5(e1 — e2),
en = Jz(e1 +e2 — 2e3), (7.3.4)
Eo = %(81 + g2 + €3),
we can rewrite (7.3.3) as
. Es + %Erz %eﬂ Er
Mp = 7 %aﬁ Eg — %En €n . (7.3.5)
Ex o \/ga + s

For the case a > ¢; , the matrix (7.3.5) can approximately be diagonalized by the rotation
R3(612)
cosfiy sinfio O
R3(012) = | —sinfia cosfia 0 |, (7.3.6)
0 0 1

Y. Koide, Phys. Rev. D39, 1391 (1989)
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where
€
tan 2912 =1 .

€n
The approximate eigenvalues are given by

1 1
m1= pfe T p ex? + €52,

1 1
my > —res + 5y /Ex” + e

1
ms >~ a-+ ﬁea,

where

2
Ver2+en? = %\/% + €2 + €2 — (e3e2 + 261 + £1€3).

For €3 > €3 > £%, we obtain
ma 3 €9
mo o 483'
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(7.3.8)

(7.3.9)
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8 Diagonalization of a nearly rank-1 matrix

Diagonalization of a nearly rank-1 matrix is discussed. It is an extended version of the

democratic mass matrix. It is also useful to investigating a neutrino mass matrix.

8.1 Diagonalization of a rank-1 matrix
In general, a rank-1 matrix M has the following form®:
2
g1~ 9192 9193
M= gig2 92* @293 |- (8.1.1)
9193 9293 93°

The rank-1 matrix (8.1.1) is diagonalized by the following three ways:

(A)
R31"MR3, = D, (8.1.2)
(B)
Ry’ MR, = D, (8.1.3)
(©)
Ry "MRy = D, (8.1.4)
where
D = diag(0,0, g1 + g2* + g3°), (8.1.5)
R31 = R3(bh2)R1(623), (8.1.6)
Ri5 = R1(023)R2(013), (8.1.7)
R21 = R2(913)R1(023), (8.1.8)
1 0 0 C13 0 513 C12 5192 0
Ri(63) = | 0 o3 s23 |, Rao(b13) = 0 1 0 |, Rs(bi2)=1]| —s12 c12 0 |,
0 —893 (€23 —S13 0 C13 0 0 1
(8.1.9)

SFor convenience, we have taken the rank-1 matrix M real. If M is Hermitian, we can express the rank-1
matrix M as

Mi; = gi9;, (8.1.1)
instead of (8.1.1). Since we can obtain a real matrix M as
M = P'(¢)MP(9),
where P = diag(e'®!,e'?2,¢'?3), and g; = |gi|e’®?, because
Y i id; _

Mij =e “gigje lgillgsl-

Therefore, we can always use the real matrix formulation which will be derived below (8.1.2).
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l.e.
Cl2  S512C23 512523

R31 = | —s12 c12c23 c12s23 | (8.1.10)
0 —5923 C23
g1 92
S19 = e, 1y = — | (8.1.11)
V12 + g22 V12 + g22
Vo) 2
523 = 291 +2g2 R C23 = 5 93 5 5 (8.1.12)
Vai1©+ g2° + 93 Va1©+ 92°+ g3
13 0 513
Rio = | —s23s13  c23  ci3s2s | (8.1.13)
—C23513 —S23 C13C23
g2 g3
Sg3 = ——Tt gy = P (8.1.14)
Vg2?% + g3® Vg2? + g3?
o )
813 = > B 5 5, C13 = 292 +293 > (8.1.15)
Vg1©+ g2° + 93 Va1©+ 92°+ g3
C13 —S813523  S13C23
Ro1 = 0 23 523 ; (8.1.16)
—S813 —C13523 C13C23
g1 g3
$13 = ——e——, (13 = ————, (8.1.18)
V12 + g3? V12 + g3?
g2 _ V12 + g3® (8.1.19)

§23 = C23 .
V12 + g2 + g3 V12 + g2 + g3?
The reason that we have three ways to the diagonalization is due to the fact that two

of the eigenvalues, m; and mso are degenerated as m; = ms = 0, so that we have a degree of

freedom of a further rotation Rs3(f12). For example, the general mixing matrix U is given by
U = Ri(b23)Ra(613) R3(012), (8.1.20)

where 693 and 613 are given by (8.1.14) and (8.1.15), respectively, while 615 is free. The value of

012 will be fixed by an additional term to the rank-1 matrix as we show in the next subsection.

40



8.2 Diagonalization of a nearly rank-1 matrix

We denote a nearly rank-1 matrix as
M;; = gi9; + €ij, (8.2.1)

where ¢ is a small term with e = ¢ . As we stated in the previous subsection, there are three
ways to the diagonalization of the rank-1 matrix. According to the ways (8.1.2)-(8.1.4), we will
show three ways to the diagonalization of the matrix (8.2.1).

(A) Diagonalization by the rotation Rj3;

When we transform the matrix M by the rotation Rsi, (8.1.10), as

M’ = RY, M R3, (8.2.2)
we obtain
= m(flngQ — 2e129291 + £22017), (8.2.3)
My = — ) 12 3 3 [(822922 + 22129192 + €11917) 93°
(912 + 92%) (1% + 922 + g3?)
—2(e1391 + €2392) (91° + 922)} ) (8.2.4)
1
My = g2+ g+ 93> + 55— |€ 242 +¢€
33 =01 92 g3 91 + 922 + 932 [ 3393 (e2392 1391)93
+2e129192 + €2292” + 611912} ; (8.2.5)
My, = D) D) ! 5 5 5 {[612(922 —1%) — (e22 — 811)9192} g3
(1% + 92*)Vg1° + g2° + g3
—(e1392 — €2301)(91° + 922)} ; (8.2.6)
My = ! [(61392 — £2301)93 + €12(g2%> — 91°)
V12 + 922V g% + ga? + g3?
—(e22 — €11)9192] , (8.2.7)
M = ——— 12 T {(51391 +e0392)(93° — 92" — 91%)
V17 + 22 (1% + g2% + g3?)
+(e22 — €33)92°93 + 2612919293 + (11 — 533)g12g3} . (8.2.8)

For a case |Mss| > |M;j| (i # 3,5 # 3) (932 > g2® + ¢1?), the matrix M’ is approximately
diagonalized by an additional rotation R3(6},) :

Rs" (019) R31" M Ry Rs(6),) ~ D. (8.2.9)

The rotation Rs; R3(615) is explicitly expressed as

/ / / /
C12C19 — S512C235719 C12879 + 812€23C19 512523
/ _ / ! / /
R31R3(09) = | —s12¢)y — 1202351y —s12879 + c12023¢]y  ci2823 | - (8.2.10)

/ /
523512 —823C19 C23
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Since

12 P [612(922 —g1%) — (e22 — 611)9192} : (8.2.11)
1
M§2 — M{l ~ m {(622 - 511)(95 - 912) + 4E1gg1gg] N (8.2.12)

we obtain the value of 6, as

2 [e12(92% — 91%) — (€22 — €11)9192]

tan 20!, ~ ) 8.2.13
12 (e22 — €11)(92% — ¢12) + 4120192 ( )

When we define )
tan 20, = —— 12 (8.2.14)

€22 — €11
29192
tan 26, = 92 8.2.15
g 922 - 912 ( )
(= tangy =2 ), (8.2.16)
we find

12 = 0= — 0, (8.2.17)

from Eq.(8.2.13) .
Note that, for the case with €33 > €99 > €11, the approximation (8.2.12) [also (8.2.13)] is
not valid. For example, for the case
eij = 0ijeg?, (8.18)

, 919203(93 — )1/ 91 + 93 + 93
(91 +92)95 — (91 + 92)9193
(B) Diagonalization by the rotation R

we obtain

Similarly, when we transform M as

M' = Ri5" MRy, (8.2.20)
we obtain .
M, = 1193
U (922 + 932) (912 + 922 + g3?) [
—2e139193° + 2(e1192% + €3391° — £129192)93°
—2(e1392 — €2391) 919293 + (€1192” — 26129192 + 522g12)922} , (8.2.21)
5= —5 {522932 — 2e939293 + 633922} ; (8.2.22)
92 + g3
My = gi* + g2 + 32+—533932
B9 TR 912+ g2® + 932[
+2(21391 + €2392)93 + €2292° + 26129192 + €1191°], (8.2.23)
1
My, = 612933 — (e1392 + 62391)932
(922 + 932)V 912 + 922 + g3* [
+(e33 — €22)919293 + (1293 — €1392 + 62391)9?2,] ; (8.2.24)
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1

Mis = [e1393° + (1292 + (€11 — £33)91)93°
V922 + 93%(91% + 922 + g32)
+(e1392” — 22939192 — €1391)93 + €1205 — (e22 — €11)g192° — €129192], (8.2.25)
1
M§3 = [«‘323932
V922 + 932V 912 + g2% + g3°
—((e33 — €22)g2 — €1201)93 — €2392° — €139192]- (8.2.26)

For a case with g3? > ¢22 + ¢12, the matrix M’ is approximately diagonalized by an
additional rotation R3(f5) as

R3"(01) Ria" M R12R3(015) ~ D. (8.2.27)
From the relations
M{Z >~ £12
Mgy — M{y =~ €25 — €11, (8.2.28)

we find that the rotation angle 6/, is given by

2
tan 20, ~ — 12 (8.2.29)
€22 — €11
(C) Diagonalization by the rotation Rg;
Similarly, the matrix elements of
M’ = RyyT MRy, (8.2.30)
are given as follows:
/ 2 2
= —5——5l€1193" — 2€139193 + 33917, 8.2.31
11 912+g32[ g g19 g17] ( )
1
/ 4 3
= £2203° — 2€239293
2 (g2 + 98292 + g2 + 932)[

+(262201% — 26129192 + £33922)93% + 2(2139192° — €239792)93

+enngi! + e1191°92” — 2e1201%92), (8.2.32)
Mz = 1”4+ 92° + 93° + —5——5— [e3395°
33 =91 +g2"+yg 912+gg2+932[ g
+2(c1391 + £2392)93 + €2292° + 2129192 + £1191°], (8.2.33)
1
My = e1295°
(1% + 93%) V912 + g2° + g3?
—(e1392 + 52391)932 + (€33 — €11)919293 + 1291293 + (€1392 — 62391)912], (8.2.34)
1
M = {e1395>
B+ g5 + g2t + g3
+le1292 — (€33 — €11)91]93 — (€2392 + €1391)91}, (8.2.35)
1
M£3 = {823932
Va1? + 932 (912 + g22 + g3?)

—[(e33 — €22)g2 + €1291]93% — (£2392° + 26139192 — €2391%) 93
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—e129192° + (22 — £11)g1” + €1291°}- (8.2.36)

For a case with g3 > ¢22 + ¢12, the matrix M’ is approximately diagonalized by an
additional rotation R3(65) as

R3"(015) Rn" M Ry R(65) ~ D, (8.2.37)
and we also find 5
tan 20}, ~ ——12 (8.2.38)
€29 — €11
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9 Diagonalization of Mass Matrices
with Specific Forms

The eigenvalues and mixing matrix of a mass matrix with a specific form are discussed.

Some of them are motivated from the neutrino phenomenology.

9.1 NNI-type mass matrix

The following mass matrix is called the nearest-neighbor interaction (NNI) type mass ma-

trix:
M = P(6,)MP(5g), (9.1.1)
0 C1 0
M = co 0 b1 |, (9.1.2)
0 bg a

where a, b; and ¢; are real parameters, and P(¢) is a phase matrix
P(0) = diag(e®!, €2, ¢193), (9.1.3)

The matrix (9.1.1) with ¢; = ¢3 and by = by is known as the Fritzsch mass matrix.

9.1.1 Branco-Lavoura-Mota theorem

The following theorem has been given by Branco, Lavoura and Mota 7.
[Theorem]

Any quark mass matrices (M, My) can always be transformed into NNI-type mass matrices
(]/\/[\u, ]\/Zd) by rebasing without losing generality.

Here, the “rebasing” means the re-definition of the flavor basis by the transformation

M, — M! = ATM,B,,

(9.1.4)
My — M} = ATMyBy,

where A, B, and By are 3 X 3 unitary matrices. Note that this statement is based on the
SU(2),; x U(1), gauge model. If we adopt a SU(2); x SU(2), model, the rebasing (9.1.4) must
be replaced by

M, — ATM,B,

(9.1.5)
M, — ATM,B.

We know that we can always transform arbitrary quark mass matrices (M, My) into Her-
mitian mass matrices. However, we cannot transform (M,, My) into (J\/Zu,]\/f\d) with the NNI
form, and besides, with ]\/ZJ = ]\/Zu and ]\7‘} = ]\/Zd.

9.1.2 Description with 10 observable parameters

"G. C. Branco, L. Lavoura and F. Mota, Phys. Rev.D33, 860 (1986).
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Generally, n x n quark mass matrices (M,, M;) have many parameters (maximally 2n?).
On the other hand, we have 10 observable quantities (3 + 3 masses and 4 Cabibbo-Kobayashi-
Maskawa (CKM) matrix parameters®) for n = 3. Let us show that if we choose a suitable NNI
form, we can describe the quark mass matrices (M, My) with only 7 parameters.

First, we define an Hermitian matrix ﬁq by

Hy = MM} = PY(6,0) MM, P(6,1) = P (8,0 HyP(641), (9.1.6)
where ¢ = u,d and
o 0 bg2¢q1
H,= 0 bl+ch agba . (9.1.7)

bq26q1 aqbql ag + b32
(Hereafter, we drop the index ¢q.) We denote the number of the independent parameters in

the matrix M as N(M). Since N(M) = 5 and N(H) = 5, we can completely determine the

parameters a, by, bs, ¢c; and ¢y from the values Fij:

S —,
4= —F= H11H33—H317
Vi
by = HazV Hi by — His 91.8
[— — =2 2 [~ ( e )
H11H33—H31 Hll
T7 v detH
a1 =\ Hu, =720
vV Hi11H33—Hgz,

On the other hand, the Hermitian matrices (H,, Hy) are always rewritten by the form

H, = ATDZA,
(9.1.9)
Hy = ATVD2VTA,
where V is the CKM matrix
V =U!, Ui, (9.1.10)
and
Du =di wy e, ’
lag(ma, me, mt) (9.1.11)

Dy = diag(mg, ms, mp).
When we choose an orthogonal matrix A, the number of the parameters is N(A) = 3. Since we
have 3 constraints, i.e.,

(Hu)12 =0, Re(Hg)i2 =0, Im(Hg)i2 =0, (9.1.12)

[note that (H,);; are real], we can explicitly determine all of the parameters of A from the
observable quantities D,,, Dy and V. Thus, we can write all of the parameters of the matrices
(ﬁu, ﬁd) in terms of the observable quantities, so that we can also write all of the parameters

of the matrices (M\u, ]\7(1) in terms of the observable quantities by using (9.1.8).

9.2 Mass matrix with a specific zero-texture

9.2.1 Mass matrix with M7, = Moy = M9 = Mo =0

8see Chap.12
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We diagonalize the following mass matrix with four texture zeros

0 0 al
0 0 a9

a; az 2(13

M

The eigenvalues are given by

my = 0,
—mg = az — /a3 + a3 + a3,
ms = ag + \/a} + a3 + a3.

The mixing matrix U is given by

UTMU = diag(my, —ma, ms),

cl2 51223 512523
U=| —s12 ciac3 cr2s23 |,
0 —823 €23
where

C

a1 a2
Slgzﬁ, 12:ﬁ7
y/ai + a3 \/ay + a3

\/ a? + a3 + a} — a3 \/\/a%+a%+a§+a3

S§93 = €23 = 1
’ V2(a? + a2 + a3)3

From Eq.(9.2.2), we can rewrite the relations (9.2.6) as follows;

ma ms3
893 = | ———— Co3 = | ————.
ms +mg’ ms + ma

9.2.2 4 x 4 mass matrix with M;; = 042, + 0457,

We can also give eigenvalues and mixing matrix of the following 4 x 4 matrix

0 0 0 x
0 0 0 a9
M =
0 0 0 a3
Ty T2 T3 X
The mixing matrix R is given by
r11 T2 T13 T4
To1 T2 123 T24
R = ,
0 732 733 T34
0 0 7143 T44
where
X2 X1
1= 5y T2l = T
]\[1 ) Nl )
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(9.2.1)

(9.2.2)

(9.2.3)

(9.2.4)

(9.2.5)

(9.2.6)

(9.2.7)

(9.2.8)

(9.2.9)

(9.2.10)



1
19 = .CC%xgE, 99 = 371:L’2.C63F2, 39 = —:1:1(37% + x%)E, (9.2.11)
21— 2y Dy~ (VA )1 (9.2.12)
r13 = 201—, 7T93 = 2To—, T33 = 23—, T43 = — —x9)—, 2.
13 1, "2 29y, 38 ANES ),
201 2y Dy — (VA + )1 (9.2.13)
ri4 = 201—, Tog4 = 2To—, T34 = 23—, T44 = xo)—, 2.
14 Iy, " 2N, " SN, T4 )N,
Ny = /23 + 23, (9.2.14)
Ny :l’l\/CU%—FZL‘%\/ZL‘%-FCB%—Fl'%, (9.2.15)
N3 = \/2\/2(\/2 — x9), (9.2.16)
Ny = \/2\/2(\/2 + xp). (9.2.17)
VA = \JA(@} + a3 + o?) + 2. (9.2.18)
The eigenvalues are given by
00 0 O
00 0 O
RTMR = : (9.2.19)
0 0 mg O
00 0 my
m3 = —3(VA - x), (9.2.20)
ma = 3(VA+ x0).
9.3 Zee mass matrix
9.3.1 Mass eigenvalues
The mass matrix
0 Z3 Z9
M=my| 23 0 2z |, (9.3.1)
zZ9 21 0

is called the Zee mass matrix, which was first proposed by Zee® from a radiatively induced mass
generation mechanism.

For the matrix (9.3.1), we can obtain the following relations :

TrM = mq + mo +mg =0, (9.3.2)
TeM? = m3 +m2 4+ m2 = 2022 + 22 + 22)m? | (9.3.3)
detM = mimoms = 2z12223m8 . (9.3.4)

From (9.3.2)and (9.3.3), we obtain

mimsa + mams +mamy = — (23 + 23 + 22)md | (9.3.5)

9A. Zee, Phys. Lett. 93B, 389 (1980); L. Wolfenstein, Nucl. Phys. B175, 93 (1980); S. T. Petcov, Phys. Lett.
115B, 401 (1982).
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Therefore, the eigenvalues m; (i = 1,2, 3) are given as solutions of the equation

S (24 22+ 22)mim; — 2z12023m3 = 0. (9.3.6)

m
By adjusting the normalization parameter mg, without losing the generality, we can put

7423+ 25 =1 (9.3.7)
Then, the solutions m; = mg\; are given by

M-\ —2¢=0, (9.3.8)

where

q = z12223. (9.3.9)

The mass levels m; versus ¢ are illustrated in Fig. 9.3.1 and 9.3.2.

Fig. 9.3.1: Behaviors of |m;| versus the parameter g = z12923.
b

0.5

0.1 0.15

-l///

Fig. 9.3.2: Behaviors of m; versus the parameter ¢ = z12223 in the range 0 < g < 1/+/27.

For a small value of ¢, Eq.(9.3.8) is written as
MM —1) =2¢ =2~ 0, (9.3.10)
so that we can consider the following solutions
M=1+4¢e1, do=—-1+¢9, A3=c3. (9.3.11)
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By putting (9.3.11) into (9.3.10), we obtain
3
(I+e)(1+21+e2—1)=2=¢e ~e(l— 2
2 3
(—1+e9)(1—2e9+¢e5—1) =2 = g9 ~e(l+ 55)’

e3(e3 — 1) = 26 = e3 =~ —2e(1 + 4£%),

ie.,

3
A=l +e— 552,
3
)\2 ~ 7(1 — & — 552),

where € = ¢ = z12923. From (9.3.15)-(9.3.17),
Am3y = m? —m3 = [(1+ &) — (1 — £)2|m = 4=,
Ami; =m3 —m3 ~ [(1 —e)? — 4e¥md ~ (1 — 2¢)mi.
If we regard Am?2, and Am3, as

2 _ 2 2
Amsolar - Ale — 45m07

2 _ 2 .2
Amigy, = Amag ~ mg,
respectively, we can estimate the value of ¢ as follows:

1Am2,,, 1 79x10%V?

~ - ~ =72x107%.
ST UAmZ,, 4 274x10-3V?

(We also may regard Am?, = —Amzolar-

9.3.2 Mixing Matrix

On the other hand, the mixing matrix U is obtained as follows:
UTMU = D = diag(m1, mg, m3) = modiag(A1, A2, \3),
ie.,

> My Up; = Ui Dy,
k

Then, we can obtain e ~ —7.2 x 1073.)

(9.3.12)

(9.3.13)

(9.3.14)

(9.3.15)

(9.3.16)

(9.3.17)

(9.3.18)

(9.3.19)

(9.3.20)

(9.3.21)

(9.3.22)

(9.3.23)

(9.3.24)

where M is given by Eq.(9.3.1). The relations (9.3.24) can explicitly be written as follows:

—)\jU1j + 2’3U2j + Z2U3j =0,

23U1j — )\jUQj + Z1U3j =0,
Z2U1j + ZlUQj — )\jUgj =0.
By eliminating Us; from (9.3.25) and (9.3.26), we obtain

Ulj - ZQ)\j + z123

)
U2j Zl)\j + 2923
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(9.3.26)
(9.3.27)

(9.3.28)



and also by eliminating Uy, we obtain

2 2
Us;  Aj— 23

Ugj Z1>\j + 222’3‘

Therefore, we obtain

1
Ulj = 7(22)\]’ + 21Z3),

N;
1
Usj = F(Zl)\j + 2123),
j
L o 9
Usj = ﬁ()\j - z3),
j

where

N? = (22X + 2123)° + (2105 + 2123)° + (A] — 23)°

= A} + (25 + 21 — 225) A% + dz12923) + 25 (25 + 23 + 21)

= M)+ (1—323)A7 +4e)i + 23 .

By using Eq.(9.3.10), we can write (9.3.33) as
NP =(3)5 —1)(A? — 23) .
For the eigenvalues (9.3.15)-(9.3.17), we obtain

N~ [3(14¢)? —1)[(14¢)* — 23] ~2(1 — 23) <1+35—|— 136 2) ;
23

1
U11 >~ — Nl [22(1 + 6) + 2’123

1 ( e
— 1—*E+*21 ),
ﬁ\/ﬁ 123

1

1
Uy ~ — N, [21(1 +€) + 2923]

Zzzs(HZl 36_5)
\/§ /1—2’ Z9223 2 1—Z§ ’

1
N1 \/i 5_'_1—2:%
2
Np = [3(1 -2~ -2 - A = 21— (1—3 =)
3
Uty ~ —[2(1 - £) + ( ~Ba+ = )
>~ —|— Z
12 5 22 2123] f\/i 1 =)
U 1 [ (1 )+ Z9Z3 < 3 i 9 )
>~ ——Z Z9Z )
22 NQ ! 2 3 \f /1_2, 2923 2 1—2%

NI~ (1262 — 1)(4e? — 23)~23,

1
Uiz ~ 7(—252’2 + 2123) o~ (2’1 — 2622) ,
N3

<3
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(9.3.29)

(9.3.30)
(9.3.31)

(9.3.32)

(9.3.33)

(9.3.34)

(9.3.35)

(9.3.36)

(9.3.37)

(9.3.38)

(9.3.39)

(9.3.40)

(9.3.41)

(9.3.42)

(9.3.43)

(9.3.44)



1
Uss ~ 7(_2521 + 2223)222 , (9345)
N3

1
U33 ~ —(4 2_ Z%) >~ —Z3 . (9346)
N3
9.3.3 Deviation from the bimaximal mixing
Since the parameter value €, (9.3.22), is very small, the Zee mass matrix gives an almost
bimaximal mixing. The deviations from the bimaximal mixing are given as follows.

The quantity sin? 26,,, in the v, — v, disappearance experiments is given by
.2 _ 2 2
sSin 29atm = 4|U23| |U33| . (9347)

For a small €, we obtain

1 2123 + 222
U23U33 = W(zl>\3 + ZQZg)()\% — zg) = % ~ —2223(1 + 2(152 + 0(54)), (9.3.48)
and
sin% 2041 ~ 2325 (1 + 4ae?), (9.3.49)
where .
=6— ——. 9.3.50
s (9.8.50)
Since
242 =1-22 (9.3.51)

23 and 23 are solutions of the following equation
1
22— (11— + 1 sin? 2044, (1 — 4ag®) = 0. (9.3.52)

The solutions are given by

1
p=sll-2t V(1= 22)2 = sin? 26,0 (1 — 4ac?)). (9.3.53)

Since the part in the square root must positive, we obtain the constraint

in? 20, < (L2 14 6(4— —)e? (9.3.54)
S1n —_— — g, R
W= 4qe? 2273

In other words, since we know that the observed value of sin? 204, is highly close to 1,

sin? 2044, ~ 1, the value 22 must highly be close to z3. By neglecting O(e?), we estimate

(14 /1 —sin® 2044). (9.3.55)

(22 or 23) =~

N | =

On the other hand, sin? 26,4, is given by
sin® 20010, = 4|U11|*|Us2|*. (9.3.56)
Since .
U U = m(zﬁq + 2123) (222 + 2123)
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Z%Z% — 212923\3 + Z%/\l)\g
VB = DB - DX - 23) (03 - 23)

by taking the approximations (9.3.15)-(9.3.17), we obtain

22 — (% +2 4 423)e?

23—3422 41523
2(1 — zg)\/l _ BT 0 2

(1-23)?

UniUig ~ —

%
T 2(z5 + 2)

2 2 (1 —Z§)2

1 123 — 3422 + 1524
1— —(1+223 +425)e® + 2 23521 ~
Z.

where we have used 23 ~ 1 + O(e?) and 2% ~ 3 + O(£?). Therefore, we obtain

i A’rngolar ’
16 \ Am? ’

sin? 20,010y ~ 1 — 2 ~1—
atm

Even we take the relation (9.4.55) into consideration, we obtain '°

atm

2
1 (Am?
) l
Sin 26301(17» Z 1 - E (W) .
9.3.4 Case with 29 = z3
For the case with zo = z3, since 2z§ + 27 = 1, we obtain

1
2 2
€ = 212923 = 2321 = 521(1 —zi),

so that we obtain the mixing matrix

1

1 _1

V2 V2

1 1 1
U=l 3 32 &5

11

2 2 2

In fact, we obtain the exact expression for zo = 23 is as follow:

/ 3 1
)\1: 1—12%"‘521,

3 1
)\2:—< 1—42%—221>,

A3 = —21,

cos —sin6 0

U= %sin@ %COS@ —% ,

L ging Lcosd L

V2 V2 2

\/1—322/4+ 2 /2 ™
tanf = = )
\1—322/4— 2 /2 —m2

10y. Koide, Phys. Rev. D64, 077301 (2001).

(9.3.57)

(9.3.58)

(9.3.59)

(9.3.60)

(9.3.61)

(9.3.62)

(9.3.63)

(9.3.64)

(9.3.65)

(9.3.66)

(9.3.67)



9.4 Matrices which give a nearly bimaximal mixing

The mixing matrix

c S 0

U — —%S %C —% s (941)
_1lg 1. L
V2© V2 V2

is called a “nearly bimaximal” mixing, where ¢ = cosf and s = sin 6.

We will demonstrate examples of such a mass matrix below.

9.4.1 Mass matrix with a 2 < 3 symmetry

The Hermitian mass matrix

d ae®  ae'®

ae”® ¢ b
is invariant under a 2 < 3 exchange, where a, b, - - - are real.

The eigenvalues are gives as fallows:

m? =3b+c+d—BaZ+ (b+c—d)?],
m3 =Lib+ce+d+ B2+ (b+c—d)?] (9.4.3)
m3 =b-—c+d.

The mixing angle 6 in Eq.(9.4.1) is given by

d—m1 mz—d
c =

_ = —. (9.4.4)
mo — M mo —my
9.4.2 Two rank-1 matrix
The matrix which is consisted of two rank-1 matrices
1 00 . a’> a a
M=10 00 +§(1+:r) a 1 1 |, (9.4.5)
0 00 a 1 1
also induces a nearly bimaximal mixing (9.4.1).
The eigenvalues are as follows:
mi =1 (4422 +a*(1+2) - VA),
mo =1 (4422 +a*(1+z)+VA), (9.4.6)
m3 = 07
where
A=42? +4a*(1 + 2)(2+ 2) + a*(1 + 2)% (9.4.7)

The mixing angle 6 in Eq. (9.4.1) is also given by the relation (9.4.4).
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9.5 Matrices which give a tribimaximal mixing

The mixing matrix

2 L 2 L
AT T (TR | A A B
Ue=| "% v |7 v || v v O T REDRE)
1 1 1 1 =
5 VB Vi 0% 0 0 1 05

is called a “tribimaximal” mixing!!, where ¢ = sin"!(1/y/3), and Ry and R3 are defined in
Eq.(8.1.9).

9.5.1 He-Zee matrix

The matrix form!2

242 0 0 1 11
M = 0 l—y+=x 1+y +el 1 1 11, (9.5.2)
0 1+y l-y+z 1 11

is proposed by He and Zee as a mass matrix which gives a tribimaximal mixing (9.5.1). The

matrix (9.5.1) can also be expressed as

100 100 111
M=a|l 001 |+bfl0 10|+l 1 1 1], (9.5.3)
010 00 1 111

witha=1+yandb=1—-y+ .

The eigenvalues of the matrix (9.5.2) [and also (9.5.3)] are given as follows:

m =2+x=a+b,
mo=2+x+3=a+b+ 3¢, (9.5.4)

mg=x—2y =a—>.

9.5.2 Tribimaximal mixing and S3 symmetry

Generally, doublet (r,1,) and singlet 1), in a permutation symmetry Sg are defined by

1% % _% 0 ¢1

¢ | = % % —% v |- (9.5.5)
1 1 1

7/)0 ﬁ % % 1/}3

If the charged lepton mass matrix M. is diagonal on the basis (11,2, 93) = (e, Yu, V),
while the neutrino mass matrix M, = D, is diagonal on the (¢, 1y, 1s) basis, the neutrino

mass matrix M, on the (¢r,,1s) basis is diagonalized as follows:

U'M,U = D, = diag(my, my, m,), (9.5.6)

P.F. Harrison, D.H. Perkins, and W.G. Scott, Phys. Lett. B458, 79 (1999).
12X -G. He and A. Zee, Phys. Lett. B560, 87 (2003).
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where U is given by

1 1

V2 V6

U= 1 1
V2 V6

0 _ 2

V6

for the definition (9.5.5).

1

V3
% , (9.5.7)
1

V3

However, if the S3 eigenstates in the neutrino sector are given by

1 1

Ur VRV
1 1

LI Bl IR
) 1 1
7 V3 V3

0 s
NG 1 (9.5.8)
% (0

where (11, 12,13) = (e, ¥y, ¥7) in the charged lepton sector, the mixing matrix U in Eq. (9.5.5)

on the (¢, vy, 1s) basis is given by

2
0 73
1 1
U _7 _7
1 1
T _7

(9.5.9)

When we rearrange the eigenvalues as D = diag(m,,, mq, mx) for the case of |my| < |mq| < |mx|,

we will obtain the mixing matrix

2 1
V6 V3
Up=| -9 -
NRVE]
1 1
V6 V3
The form M, for U, = Urpg is given by
miq 0
M, =Urp| 0 mo
0
4 -2 =2 1 1
S T T 1
6 3
-2 1 1 1
2 00 1 11
_m my — my
=3 011 |+ 3 1
01 1 1
1 0 1 11
ma —my
=m 01 + 3 11 +
0 0 11

(Also, see Table 10.5.1.)
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0
v (9.5.10)
1
x
0
0 |Ufs
ms3
| 0 0 0
ms3
L+5 01
1 0 -1 1
0 0 0
+ 5 1 -1 (9.5.11)
0 -1 1
0 0 0
s 5 ™ 1 -1 (9.5.12)
0 -1 1



10 S3; Symmetry and its Related Matrices

The observed neutrino mixing is approximately given by the tribimaximal mixing (9.5.9)
which is closely related to an S3 symmetry as discussed in Sec.9.2.2. In this chapter, we will

give more details of the matrices related to the Sg symmetry.

10.1 Doublet and singlet of S;

The S3 doublet (¢, ¢,) and singlet 1), on a real basis are defined as follows:

1/17r wl
Uy [ =Af ¥2 |, (10.1.1)
¢a TZJS
1 1
vz vV
_ 41 _ 2
A=\ % % 7 (10.1.2)
1 1 1
Vi V33
Hereafter, we will use the following notations
wl ¢ﬂ
Yisz=| Y2 |, Vmpe=| ¥y |- (10.1.3)
7/}3 1/10
We can construct the following scalars from fields ¢, and 9, (a = m,n,0):
bty = Plag X th123, (10.1.4)
¢7r¢7r + gbnwn = 123( )¢123, (10.1.5)
Grthr + yty + b0t = dlag1ltbios, (10.1.6)
where
1 00 . 111
1= 01 0], X:§ 1 11 (10.1.7)
0 01 111

10.2 Ss-invariant Yukawa interactions

We consider Sz-invariant terms which are constructed by ¥ @ ¢ ® x. We have the following

5 types of the Sz-invariant terms:

Type (a)
¢ byt 1 11
= Ea(ba Xo = ! 2 3 wlgg 1 1 1 X123- (1021)
B\f 1 1 1
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Type (b)

2 -1 -1
P14+ P2 + @3
Ly = ($rXn + PyXn)bo = Yrog | =1 2 =1 | x123. (10.2.2)
BEE
-1 -1 2
Type (c)
LC = (T/JWXT] + wnXﬂ')(z)W + (QpﬁXW - T%Xn)ﬁbn
2 -1 -1 -1 -1 2 -1 2 -1
V2
=g |1 | -1 -1 2 |+¢| -1 2 -1 [+¢3] 2 -1 —1 ||x12s-
3V3
-1 2 -1 2 -1 -1 -1 -1 2
(10.2.3)
Type (d)
Ly = wg(ﬁwaw + ¢nX77)
2 -1 -1 -1 2 -1 -1 -1
\fwug |2 -1 -1 |+¢2| -1 2 -1 | +¢3| -1 —1 2 [|xis (10.24)
-1 -1 -1 2 -1 -1 -1
Type (e)
Le = (ww(bﬂ' + wn¢7]>XU
2 2 2 -1 -1 -1 1 -1 -1
\[@Z)123 ¢1 -1 -1 -1 +¢2 2 2 2 -l-d)g -1 -1 -1 X123
-1 -1 -1 -1 -1 -1 2 2 2
(10.2.5)

On the other hand, if we start from the 123 base, we can consider the following two typical

Ss-invariant terms:

Type (A)
3 - o qbl O 0 -
La=Y d;dixi=4%1s| 0 ¢ 0 | X123 = bryoMaXmpo, (10.2.6)
" 0 0 ¢3
where
0 0 v+ o= - .
My=A i AT = 1 ’ 1ﬁ¢n ﬂgﬁl ’ 10.2.7
A= 0 ¢2 0 —ﬁ \TQd)w Qba_ﬁd)n ¢77 . ( )
0 0 ¢ O o op
Type (B)
0 ¢3 ¢
Lp= Y (i &5 xx+0sbjxi) =%1a3| ¢3 0 ¢1 | X123 = YrpeMBXano,  (10.2.8)
i,3,k:cyclic ¢2 (bl 0
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where

0 ¢3 ¢2 1 _¢a + \/§¢77 \/§¢7r _¢7r
Mp=A| ¢35 0 ¢ |AT = 7 V20 o — V20, —by |- (10.2.9)
¢2 le 0 _¢7T _¢77 2¢a

The interactions L4 and Lg are explicitly given by

1 — — — — — _
LA = % |:('¢7TXW + ¢7]X77 + wO'XU')¢O' + (ww¢ﬂ' + wn(ﬁ'ﬂ)xﬂ' + wo'(¢7rX7r + ¢77X77)
+\}§(w7r¢ﬂ’>(n + Engbﬂ'Xﬂ' + EWQSUXTF - wn(lsnxn)] ) (10.2.10)

1 _ _ _ _ _ _
Lp = ﬁ [_(¢wX7r + wan + 29, Xo )P0 — (Vrbr + %ﬁ%)xa — Vo (PrXa + ¢an)

+\f2(@7r¢7an + $n¢7rX7r + arr@ﬁ(w - @n(ﬁan)} . (102-11)
If the mass matrix M for the v, basis is given by aM 4 +bMp, the matrix M is expressed
as
a+2b a+2b
1 gb ¢n \/EQZbﬂ (a - b)¢7r a—b
M = (IMA + bMB = ﬁ /2 gbﬂ. — V2 an (a - b)¢77 + nggl, (10212)
(a - b)¢7r (a - b>¢n 3b¢a
or
™ 0 g O ™
a+2b o0 9 a—2b ¢ ¢
M = br —¢y 0 |+ 0 ¢o o (10.2.13)
V6 V3
0 0 V2¢ ¢r ¢y O
10.3 Democratic seesaw model
We assume the Ss-invariant Yukawa interactions
Ly = yr%iG1;00iQri + YrQriPriqr: + QL MQQR + h.c. (10.3.1)

We also assume!? that the mass matrix Mg has a diagonal form on the Q. basis, i.e.

Mp O 0
@LTI’?’]O’MQQR’T”']U = QLW'I]G’ 0 MD 0 QR7T7]O" (1032)
0 0 Mg
Then, when we define the effective mass matrix
aLﬁnonnUQRTrna7 (1033)

13The assumption (10.3.2) is incompatible with the assumption @L123 = diag(M1, M2, M3)Q r123, which leads
to the non-diagonal form of M¢ similar to the expression (10.2.7).
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we obtain the following mass matrix form

Myt 0 0
Mupo = yryrADLAT | 0 Mzt 0 | ADRAT
0

0 Mg!
= AD (1(1 X)+1X>D AT (10.3.4)
=YLYR L Mp Mg RA, -0.
where
DL = d.ia'g(vlq? ULg, UL3)7 (1035)
Dpr = diag(vg,, VR,, VR;),
and v; = (¢;). Therefore, we obtain a democratic seesaw-model form on the gj23 basis,
Miss = 22 D1 (1 + aX) D, (10.3.6)
Mp
with M
D
a=———1. 10.3.7
i (103.7)
For the g, basis, since
00
Al-X)AT=10 1 0 |, (10.3.8)
0 0O
00
AXAT=[ 0 0 , (10.3.9)
0 0 1
we obtain the following mass matrix form
1 1
My = yryrADLAT | — A1 — X)AT + — AXAT| ADRAT
Mp Mg
(ULO' + %’UL’I?)(,URO' + %'URW) + %ULFURTF
_ YLYR 1 ! L1 1
= 3M,, ﬁvLﬂ (URO' ﬁan) W(ULO' %UL’I])URW
ULW(URO' + %URW) + %ULWURW
%(’ULU + %an)va + %ULTA'(URU - %URn) (ULO' + %an)vRﬂ' + %vLﬂer]
%ULTr'UPur + (ULU - %ULW)(URU - %UPW,) %ULﬂfURn + (ULU - %ULn)an
%ULWURW + vry(VRe — %an) VLxURx + VLyVRy
LY VLrVRr VLaVRn VLrVRo
LYR
3MS VinURr VLnURn VInVRo . (10.3.10)

VLoVRr UVLoVRn UVLoVRo

If we assume vy; = vg; = v;, we obtain

- v+ 5(V2 4 07) + V2u,u,
Mene = 3310 V2004
VrVg + \@vﬂvn
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\/ivﬂva VrUg + \/ivﬂvn

v2 + %(v?r + v%) — \/ivgvn UpUs + \%(Ug — v%)

UnUs + %(Uﬁ — v%) v2 + v%
v?r UnUpy  UnUs
YLYR
+ 3 | UV v v |- (10.3.11)

UrVs  UpUq vg

The second term is a rank-1 matrix, whose eigenvalues are (0, 0, v2 —1—11727 +v2). If the second

term is dominant, the matrix is diagonalized by the mixing matrix

C12 S$12C23 512523

U= | —s12 ciace3 12823 | = R3(612)R1(623), (10.3.12)
0 —893 23
where
Uy Uy
S12= T gt (10.3.13)
\/ V2 + 03 \/ V2 + 03
v2 4 2
PN 7 O — (10.3.14)
2 212
vﬂ—i-vn—i-va U72r_{_v%_+_v£2r
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Table 10.3.1 Matrix forms on the bases 1123 and ¥,

(1,2,3) basis (m,m,0) basis
1 1
vy 0 O Vo + ﬁvr] ﬁvﬂ' U
0 vo O % %vw Vg — %Un Uy
0 0 w3 U Up Vo
0 w3 wo —vy 4+ V20, V2ur —Vr
v3 0 v % V2u, —Vy — \/§U,7 —vy
vo v O —Ugr —vy 204
1 11 0 0 0
1111 000
1 11 0 0 1
2 -1 -1 1 0 0
1 1
33 -1 2 -1 7 010
-1 -1 2 0 00
01 1 1 0 0
1 1
~7 1 01 7 01 0
1 10 0 0 -2
0 -1 0 0
1 1
wl|l 0 1 V3
-1 1 0 0 00
1 -2 1 1 0
1 1
33 -2 1 1 7 0 -1 0
1 1 -2 0 0 O
M;'Dy(1+aX)Dg [ Mpho0 0o\
Dr| 0 Mp* 0 |Dgr
_ Mp ~1
a= 372 -1 0 0 Mg
D= ADAT
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10.4 Dual bases A and B
We define bases A and B as follows:

P2 () B (0
al=a] v |, B =B ¢ |, (10.4.1)
P Y3 4 3
where
11 o -1 L
V2 V2 V2 V2
_ 1 1 _ 2 — _ 2 1 1
A=| & L -2 | p=| -2z L & (10.4.2)
1 1 1 1 1 1
V3 3 V3 V3 V3 3

The basis A is known as a convention of the singlet 1), and doublet (¢, 1),) of S3. The mixing
matrix B is related to the so-called “tribimaximal mixing” in the neutrino mixing as we discussed
in Sec.8.2.2.

The basis A is connected by the matrix

]
T 2 2 0
Usp=AB"=| -3 1 ¢ [, (10.4.3)
0 0 1
as
i oy
&l =Uas | w8 |- (10.4.4)
; W7
Since
Uig =1, (10.4.5)

It can be regarded that the bases A and B are dual each other. The Ss-invariant interactions
(see Sec.9.2) are, of course, invariant under the transformation Uyp.

Under the definition of the basis B, the tribimaximal mixing is given by

2 1 0
V6 V3
_ 11 1
v=| & & -% | (10.4.6)
1 1 1
V6 V3 V2
instead of Eq.(9.5.1).
However, note that if we define another S3 basis B’ (see Eq.(9.5.7))
B’ 0o —-Li1 L
(= (31 NG (]
1/1% =B v |=| % % % P2 | (10.4.7)
' 1 1 1
o V3 V3 3 3 3
the transformation
1 V3 0
NT %/3 ?
Usp =AB) = | -4 1 o | (10.4.8)
0 0 1
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does not give (Uap/)? = 1:

- f
Uap)=| =L -1 £1, (10.4.9)
0 0
-1 0
(Uap)*=1| 0 -1 0 |. (10.4.10)
0 0 1

The Ss-invariant interactions are not invariant under the transformation Ujpg/. Only when we
define the basis A’

g P % s 0 Y1
%‘? =A | oy | = _% _% % vy |, (10.4.11)
A 1 1 1
¢o ¢3 73 3 3 1/)3
we obtain
1 V3
1 pN\NT \/g 21
Ugg = A (B ) = ] 0 s (10412)
0 0 1
(Upp)? =1. (10.4.13)

The Ss-invariant interactions are invariant under the transformation U4 g/. Under the definition
of the basis B’, the tribimaximal mixing is expressed by Eq.(9.5.1) instead of Eq.(10.4.6).

10.5 Useful basis for neutrino mass matrix

The observed neutrino mixing is very close to the so-called tribimaximal mixing

2

2 1L 9
V6 V3
11 1
UTB - —% % —3 (1051)
11 1
V6oV o2
Therefore, for investigation of the neutrino mass matrix, the definition
¢n 1/}1
Vo | =Utp| 2 |, (10.5.2)
lﬁw w3

is useful rather than the definition (10.1.1). This means that if the charged lepton mass eigen-
states (e7,u~,77) are given by the basis (¢1,12,13), then the neutrino mass eigenstates are
(¢, Yo, ¥y) with mass hierarchy m% <mZ <m? (or m? < m,% < m2).

Although the examples of matrix forms U:,T pMUrp for matrices M have been essentially
given by Table 6.2.1 (Sec.6.2) and Table 10.3.1 (Sec.10.3), we again give some of them under
the new basis (10.4.15) in Table 10.5.1.

'“The phase convention (10.4.14) is identical with (9.5.1), but it is different from one given by (10.4.6).
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Table 10.5.1 Matrix form on the (7,0, 7) basis

(1,2,3) basis (n,0,7) basis
M Ui pMUrs
111 000
1111 010 (10.5.3)
1 11 0 00
1 0 0 1 0 0
00 1 01 0 (10.5.4)
010 00 -1
0 0 000
0 1 -1 00 0 (10.5.5)
0 -1 1 0 0 2
011 -1 0 0
10 1 0 2 0 (10.5.6)
110 0 0 -1
0 0 1 V2 0
1 1
v -1 0 NG V2 0 0 (10.5.7)
0 0 -—1 0 0 -1
0 0 0 0 0 -1
1 1
v -1 0 Sl 0o 0 V2 (10.5.8)
0 1 -1 V2 0
If we define ®
o = diag(P11, P22, P33),
where
¢11=%¢a+%¢m
1 1 1
92522:%%*%%*%%’
1 1 1
¢33 = ﬁqﬁg — %gbn + ﬁd)ﬂv
we obtain
1 1
. 1 ¢0+ﬁ¢?7 ¢77 _ﬁ¢7r
U @U - —= o ™
TB TB \/3 d)”] (ZS (b
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11 A, Symmetry and its Related Matrices

The tribimaximal mixing (9.5.9) can also be understood by an A4 symmetry. In this

chapter, we will investigate possible mass matrices under the A, invariance.

11.1 Triplets and singlets composed of A, triplets

When we define triplets of A4 as follows:

al b1
3= a y bQ )
as b3

we obtain the following triplets which are composed of 3 x 3

a2b3 a3b2
(83x3)s=1| azb1 |, | aibs
albg CLle

We can also obtain 1, 1/, 1”7 from 3 x 3 as follows:

1
1 =—(a1by + asbs + asbz),
\/3( 1b1 + azba + azbs)
1
1 = 73((11{)1 + agbow + agbng),
" 1 2
1" = 3(a1b1+a2b2w +a3b3w),
where
P2 —1 +7,\/§
w=¢e3" = ————,
2
When we define )
(ab)g = 73(0,1()1 + asby + agbg),
(ab)y = —— (2a1b1 — asbs — azbs)
ab)y = —(2a1b1 — asby — a ,
n NG 101 202 303

(ab)r = \}ﬁ(agbg ~ aghy),

Eqgs.(11.1.3)-(11.1.5) are expressed as

1 = (ab)o,
I = i ab), —i(a
1= \/5[( b)y — i(ab)x],
17 = \}5[( b}y + i(ab)s].

We can obtain scalars (A4 invariant terms) as follows:

~—

1 x1" ~1,

1'"x1x1~1"x1 ~1.

66

(11.1.1)

(11.1.2)

(11.1.3)

(11.1.4)

(11.1.5)

(11.1.6)

(11.1.7)
(11.1.8)

(11.1.9)

(11.1.10)

(11.1.11)

(11.1.12)

(11.1.13)

(11.1.14)



11.2 Yukawa interactions (¢1))¢ = (3 x 3)3 x 3

For
¥y (a1 1
Y=ty |, v=| 2 |, o= ¢ |, (11.2.1)
V3 V3 ®3

where, although 1), are independent of 1);, we have used same notations for simplicity, we obtain

the A4 invariant Yukawa interaction

H(s33) = Y1 (Vo301 + Y30102 + ¥19203) + y2(sthadn + P1sda + ath1¢3), (11.2.2)

so that the mass matrix form on the basis (11,12, 13) is given by

0 wyivz yov2
M = Ya2v3 0 Yi1v1 ; (1123)

yivz yovr 0
where v; = (¢;). When y; = yo, the mass matrix (11.2.3) is known as the Zee-type mass matrix.

11.3 Yukawa interactions (¢1))¢ = (3 x 3); x (1,1',1")

We consider a case

¢ = (1’ 1/’ 1//) = <¢07 ! (¢n - i¢ﬂ')7 L (¢n + Z¢ﬂ)> . (11.3.1)

V2 V2
Hza.) = y0(01)obotmn \f[(ww) — ()] f<¢n+z¢w>+yz f[ww +z‘<ww>w}%<¢n—i¢w>

= yo@l/}) ¢ + (yl + 92) [(ad))n@bn + (Jq/})rr@r} + %(?/1 - y2) {(@¢)n¢w - (@¢)w¢n] . (11-3-2)

Therefore, if we assume the universality of the coupling constants

Yo = Y1 = Y2, (11.3.3)

we obtain the mass matrix on the (1,12, 3) basis

dag( 1 1 1 1 1 1 ) (11.3.4)
M = ypdi Uy, —=Vo — —=Up — —=Un, —= + —uvr . 3.
’ N f”ﬁ 6T RTB Tk TR

If we define ¢; as

1 1 1
o Vi V3B
o | =] 2 -1 \}g) , (11.3.5)
we obtain
M = diag(v1, v, v3). (11.3.6)

Here, note that ¢; defined in (11.3.5) are not members ¢; of the triplet ¢ defined in (11.2.1).
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11.4 Yukawa interactions (¢1))¢ = (3 x (1,1/,1")) x 3
For the case (y¢)¢ = (3 x (1,1’,1")) x 3, we obtain

H31.3) = yo(¥d)1t1 + y1 (o) 11 + ya (V) 1mibys
= YoB)ots + 31 +92) [(F8)ytoy + [B)wia] + 2 (11— ) [([BOhton — @)atsy] - (1141)

Therefore, when we define the mass matrix M as

Yo
Hzag) = (U1 Y2 ¥3)M | 4y |, (11.4.2)
(2
we obtain
%yovl %%vl i%%vl
M= %yovz _ EylngVlg — sy \}% vy — (ylgyz } +Zy12y2%) Vs
%yOUB _ ylgyziﬁ_i_iyl; 7 y1;y2\}§ _in 21/ % U3
%Z/om yljé” U1 i%vl
= %y(ﬂ)g —%(yleﬂi + 12€'3 g —%(ylei% + yoe 8 vy | . (11.4.3)
Tgvovs —oe(yie’s Fyze B )y Je(yieE 4 yoe'S Jus

If yo = y1 = y2, we obtain

M = DUrpg, (11.4.4)
where

D= yOdiag(Ula V2, '1)3), (1145)

2 L 0

V6 V3

Urp = _% % _\% ’ (11.4.6)

1 1 1

V6 V3 V2

on the (¢, 1y, 1r) basis. The mixing matrix Urp is just the tribimaximal mixing.

11.5 Yukawa interactions (¢Y)¢ = ((1,1/,1") x 3) x 3
For the case ()¢ = ((1,1’,1”) x 3) x 3, we also obtain

Hius) = 0o (00)s + 3 501+ 92) (6 (60)y + T(00)s] + ;@1 — ) [Pr(@0)y — Py (600 ]

(11.5.1)
Therefore, when we define the mass matrix M as
()
H(1,3,3) = (w'q wo wW)M ¢2 ) (1152)
3
we obtain
Y1+y2 _(yity2 1 cyi—y2 1 yity2 1 yi—y2 1
N (g Jg — 132 J5) o2 (2f+2ﬁ)”3
M = %yovl %yovg \/gy(ﬂ}g . (11.5.3)
—ys 2 +ya 1 1 +ya 1 cy1—y2 1
2y12y2%v1 (y12y2\[+2y1 Y2 \/6) Vs (2,112y2ﬁ _Zy12y2%) V3
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If yo = y1 = y2, we obtain
M = UlgD, (11.5.4)

where Urp and D are defined by (11.4.6) and (11.4.5), respectively.
11.6 Yukawa interactions (¢Y1)¢ = ((1,1,1") x (1,1',1")) x (1,1’,1")

For the case (¥1)¢ = ((1,1/,1") x (1,1’,1")) x (1,1/,1"), we obtain

W) = (Ix1+1"x1"+1"x1")x 1+ (A x1"+1"x14+1"x 1) x '+ (1 x1'+1"x1+1"x1")x 1",

(11.6.1)
1.e.
H(l,l,l) = [?/OEowo + Y1 (End}n =+ Eﬂwﬂ')} ¢ + y2$a(¢ﬂ'¢ﬂ' + '(/)ngbn)
3 (Torbr + )b + m\}iwnwn — Ttbn) oy — y5;§<¢n¢ﬂ P)on (1162)

Here, in (11.6.2), we have assumed the 1’ <> 1” symmetry. Therefore, we obtain the mass matrix
on the (¢, vy, ) basis

YoUos Y2y Y2Vrn
M= | ysvy 11vs + %ywn —%ywﬂ . (11.6.3)
Ysur  —5YsUn Y1V — Uiy
If we take 1
Yo=Y1=Y2=Ys=Ys=Y5 = 73 (11.6.4)
the mass matrix on the basis (11,9, 13) is given by
M = diag(v1, ve, v3), (11.6.5)
where
1 1 1
Yo O3B (1
b |- 2 - % vy | (11.6.6)
¢W 0 *% % ¢3

Note that (11,9,13) in (11.6.6) is not a triplet of Ay.
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12 S, Symmetry and its Related Matrices

The non-Abelian finite group Sy is also useful the description of the neutrino mass matrix.

In this chapter, we will investigate possible mass matrices under the S, invariance.

12.1 Irreducible representations of S,

The S4 symmetry which is the permutation group of four distinct objects has five irreducible

representations '° which are all real. Hereafter, we explicitly denote them as follows:

p ®1 o
1=¢,, 1'=¢, 2= ( qf ) . 3= g |, =] 4 |- (12.1.1)
! 3 ¢

Then, the products among them are given as follows'®
1x1=1, 1'x1 =1, 1x1 =1,

2x1=2, 2x1=2 2x2=(1+2)s+1,
3x1=3, 3x1=3, 3x1=3, 3x1=3,

/ (12.1.2)
3x2=3+3, 3 x2=3+3,
3x3=(14+2+3)s+3, 3x3=(1+2+3)s+3,,
3x3 =1+2+3+3.
These are explicitly given as follows:
1 1
(2 X 2)1 = ﬁ(¢ﬂ¢ﬂ' + ¢n¢n)7 (2 X 2)1’ = ﬁ(gbwwn - ¢n¢7r), (1213)
1
(2 x 2)g = \{5(%% = Ontr) , (12.1.4)
ﬁ(qbﬂwﬂ - ¢77¢77)
¢TI¢1 dr1
(2x8)3=| —3(V3or+dy)ta |, (2x8)z=| 3(V3dy—dr)ta |, (12.1.5)
3(V3¢r — dy)vs —5(V3y + dr)ts
briy oo
(2 X 3,>3 - %(\/g(ﬁn - ¢7r)wé ) (2 X 3/)3’ = _%(\/g(bw + ¢77)1/}é ) (12'1'6)
_%(\/§¢n + @r)% %(\/§¢7r - an)wé
1 T= (=212 + d313)
3x3);=—— . (3x3)y= V2 . (12.1.7
(3 x 3)1 3(¢11/11 + ¢2tb2 + p31h3), (3 X 3)2 ( %(2%% — babs — bas) ) ( )
%(%1/13 + ¢312) %@52% — ¢3)
(Bx3)3=| J5(dstn+envs) |, (BxB3)y=| (bsvn—dis) |, (12.1.8)
%(dﬁ% + ¢p21)1) %(dﬁ% — ¢21)

5For a review of S4, for example, see C. Hagedorn, M. Lindner and R. N. Mohapatra, JHEP 0606, 042 (2006).
16The phase convention follows Fusaoka’s one, which is useful for the investigation of the tribimaxmal mixing
(9.5.1). The author is much indebted to H. Fusaoka for all the formulae in this section 11.1.
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(3 x38)1 =

%\

5 (=0t + dhuh)
+ gl + 3 x 3 . (12.1.9
(¢1¢1 Pty ¢31/’3) (3" x3)2 = ( % 2¢1¢1 Sty — Bt ) ( )

5 (0l + ¢hu) 75 (0hvh — Ph)
(3" x 83 =| 5@t +ows) |, (3'x3)s Bk —owh) |, (12.1.10)

%(%@%‘F%WQ (¢17/)2 Po11)

S-S

(3x3)y = (¢1w1+¢2w2+¢3w3> (3x3)3 = ( Ve Q(WI P2t~ O30%) ) (12.1.11)

%\

(¢2¢§ — ¢33)

7(¢2¢é P315) 7<¢2w3 + p315)
(3x3)3 = f(¢3¢1 ) |, (83x3)g = 7(¢3¢1 + o) |- (12.1.12)
(¢1¢2 d217) 7(¢1¢2 + p2t)

12.2 Yukawa interactions (¢1))¢ = (3 x 3)p x R

Yukawa interactions (¢))¢ = (3 x 3)g x R are given by

100 Z0n 0 0
H = (41 92 3) %% 01 0 [+w 0 —\}égbn — \}iqsﬂ 0
001 0 0 T5bn + 50
’s ( 0 ¢3 ¢ ) y 0 ¢35 —¢) ) ( (1 )
+ 43 0 ¢ |+ -0 0 4 v |, (12.2.1)
2 2
v2 o2 1 0O v2 ¢y —¢y 0 V3

for R =1,2,3 and 3', respectively.

The case of (W)qb = (3’ x 83')g x R is given by the replacement (1;1, o, @3) — (@Zi, 1%, 7,5;’3)
and (Y1, 2, 13) — (Y], 15, 15) in Eq.(12.2.1).
On the other hand, the case of (¢¢))¢ = (3 x 3')gr x R are given by

2
, NGl 0 0
H = (Y1 92 93) {\%%( )+y2( 0 —\}g¢n+ \}5% 1 0 1 )
0 0 - ¢77 - ﬁ¢ﬂ'

v
s 0 ¢33 —¢o y 0 ¢ ¢y 1
1.1 L vl IR vy | (12.2.2)
¢2 —¢1 O ¢y @) 0 vy
for R =1',2,3 and 3/, respectively.

oS O =
o = O
= o O

12.3 Yukawa interactions (¢Y1))¢ = (3 x (1+2))g x R

Yukawa interactions (1)) = (3 x (1 + 2))g x R are given by

1
= %(@1 Vo 3) ( b2 ) Yo
¢3
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o 0 240
(01 G2 Ga) [ya | —J5be —Jpde | +ub| —dedh J5h

%‘bfﬂ —%(% 1

( Z” ) . (12.3.1)
s s )

The case of (1)) = (3’ x (1 +2))g x R is given by the replacement 1; — v} and ¢; < ¢!
in Eq.(12.3.1).
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13 CKM Quark Mixing Matrix

As an example of flavor mixing matrices, it is useful to summarize formulae related to
the quark mixing matrix. Especially, a review of C'P-violating phase conventions of quark

mixing matrix will be useful.

13.1 Definition of the CKM matrix

The quark mixing matrix (the Cabibbo-Kobayashi-Maskawal?” (CKM) mixing matrix) V is
defined by
V =U! Uy, (13.1.1)

where mass matrices of the up- and down-quarks M, and M, are defined by
Hpass = urMyupr + ELMddR + h.c., (13.1.2)
and those are diagonalized as

Ul MUyg = Dy, = diag(mu, me, my), (13.1.3)
Ul MyUar = Dy = diag(mg, ms, my).

If M,, and My are given, the mixing matrices U, and Uy, are obtained from the diagonal-
ization of M, M and MdeT:

Ul MM}U,, = D2, Ul MgM}Uyy, = D3. (13.1.4)

13.2 Number of independent parameters

Generally, an n x n mass matrix M, has 2n? parameters. Since MqMJ is a Hermitian

matrix, it has n? parameters:
N(My) =20 = N(MyM]) + N(MIM,) = n* +n?. (13.2.1)

As seen in Eq.(13.1.4), the matrix MquT with n? parameters determine the n eigenvalues D,
and the mixing matrix Uyr. Although an n X n unitary matrix generally has n? parameters, in
the present case, the mixing matrix Uz, has n(n—1) parameters, because Eq.(13.1.4) is invariant
under the transformation

Usr — Uy, = Ugn P(841), (13.2.2)
where

P(6) = diag(e™!, €2, ¢!%3), (13.2.3)

so that n parameters are free (unobservable).
Although the CKM matrix V' is composed of U, with n(n — 1) parameters and Uy, with

n(n — 1) parameters, of the 2n(n — 1) parameters, n? parameters are reduced because of the n?

'"N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963); M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652
(1973).
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unitary conditions for V. Furthermore, of the n + n phases in P(d,z) and P(d41), one is not
free (cannot be absorbed into uy, and dr), so that a number of the independent parameters of

V is

N(V) = N(Uy,r) + N(Uyr) — N(unitary cond.) + 1 =n(n—1) +n(n —1) —n? + 1= (n — 1)
(13.2.4)
For n = 3, we obtain N(V') = 4. Since an n x n orthogonal matrix has n(n — 1)/2 parameters

(rotation angles), a number of the C'P violating parameters in V' is
, 1 1
Nep(V) =(n—1)* — §n(n -1)= in(n —1)(n—2). (13.2.5)

For n = 3, we obtain Nop(V) = 1, i.e. in a three family model, the number of C'P violating

phases is only one.

13.3 Expressions of the CKM matrix

Since the CKM matrix has a freedom of “rephasing”
V — PI(8,)VP(0y), (13.3.1)

various expressions of V' are possible as stated in this section.

13.3.1 Standard and Original Kobayashi-Maskawa expressions

Usually, the following phase convention!'® is adopted as the standard expression of V:

Vsp = Ri(023) P3(8) Ra(613) Pl (6) R3(012)
C13C12 C13512 8136_"‘S
= | —co3s12 — sa3c12513€™  cazcia — Sa3s12513€0 sazc1z | - (13.3.2)

5

. s
593512 — C23C12513€"0  —S23C12 — €23512513€"0  C23C13

On the other hand the following expression is known as the original Kobayashi-Maskawa matrix

phase convention!?:

T
Vienr = Ry (02) P3(dx v + m)R3(61) R1(63)
C1 —S1C3 —S8183
= | sico cicocy — 8283ei5KM c1c983 + 3203ei5KM . (13.3.3)
S189 cC189c3 + CQSgGi(sKM C18283 — CQCgei(SKM

Here R, (n =1,2,3) and P5 are defined by

0 0 c 0 s c s 0
Ri@)=|0 ¢ s |, R@=| 0 10|, R30)=]| —s ¢ 0 |, (13.34)
—-s c —-s 0 ¢ 0
P3(8) = diag(1, 1, ), (13.3.5)

s =sinf and ¢ = cos?.

181,. -L. Chau and W. -Y. Keung, Phys. Rev. Lett. 53, 1802 (1984); H. Fritzsch, Phys. Rev. D32, 3058 (1985).
19M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652 (1973).
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13.3.2 General expressions of the CKM matrix
There are, in general, 9 independent phase conventions?® of the CKM matrix. We define

the expressions of the CKM matrix V as
V =V(i,k) = RIP;R;R;, (i #j#k), (13.3.6)
where R,, are defined by Eqs.(13.3.5), and

Py = diag(e”, 1, 1),
P, = diag(1, €, 1), (13.3.7)
Py = diag(1, 1, ).

The expressions V(1,3), V(1,1) and V(3,3) correspond to the standard, original KM and
Fritzsch-Xing?! phase conventions, respectively. (Note that, in the standard expression de-
fined by Eq.(13.3.2), the matrices P3(0)" and R3(f12) are commutable, so that the phase matrix
P} (8) in Vsp = Ry(023)P3(6)Ra(613) Pl (6)R3(012) = Ry(623)Ps(8)Ra(613) R3(612)P) (8) can be
absorbed into the down-quark field dy.)

For relations of those phase conventions to the rephasing invariant quantity J, see Sec.12.4.

13.3.3 Wolfenstein parameterization

The CKM matrix V' can approximately be expressed by

1—3)2 A AX3(p — in)
V= -\ — A2 AN? + O\, (13.3.8)
AN(1 —p—in) —AN? 1
where Vil v
= = v AN? = — )|
S12 /—|Vud|2 T |Vus|27 523 Vus )
AN (p + i) = Vi, = s13¢” = AN (p +im) VL = AP 13.3.9
p 2/'7)_ b_813€ - 2\4 (= 1) ( hd )
V1—=X[1— A2\ (p+ in)]
— — Vudv*b
— _ud’u 13.3.10
p+ 7 VoV ( )
and .
p:p<1—2)\2> SED (13.3.11)

The expression (13.3.8) is known as the Wolfenstein parameterization?? . The expression (13.3.8)
is useful for analytical investigation of the CKM matrix. However, for numerical investigation,

the expression (13.3.2) without an approximation is useful together with the relations

|Vus| ’Vcb‘

812 = —m————m, S22 = ———,
V1= V|2 V1—|Vu|?

s13 = |Vup|- (13.3.12)

20H. Fritzsch and Z. -z. Xing, Phys. Rev. D57, 594 (1998).
2'H. Fritzsch and Z. -z. Xing, Phys. Lett. B413, 396 (1997).
221, Wolfenstein, Phys. Rev. Lett. 51, 1945 (1983).
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13.3.4 Other expression

If we are interested only in the magnitudes of the CKM matrix elements |Vj;|, the following

expression?? is also useful:
V1— X2 -2 A o
|Vij| = VA2 4+w V12 —p?2—w p , (13.3.13)
N VETe TP
where
A= Viusl, p=1Val, o0=1|Vul, (13.3.14)
w = [Veal® = [Vas* = [Vis|* = Vi * = [Via|* = [Vaal?, (13.3.15)
or '
V1—=\2 -2 A oge
V= —VA24we /T-X2—p2— el p , (13.3.16)
—o2 = eiP3 /0% + w P32 /1—p2 =02
where

tan ¢o1 ~ +(po/N)sind ~ 0,
tan ¢oo ~ +Aposind ~ 0, (13.3.17)
tan ¢39 ~ +(Ao/p)sind ~ 0,
Np? 4w

13.3.18
2 \po ( )

cosd ~

13.4 Rephasing invariant quantity J

The following quantity?* J is invariant under the rephasing transformation (13.3.1):

I (VieVim Vi Vit) = Y €ijkEtmn, (13.4.1)
k,n
i.e.
J =Im(VyqVes VEVE) = Im(Vp Vi VEVE) = - - - (13.4.2)

The quantity J is explicitly given by
J = 8126125236235136%3 sin 4, (13.4.3)
for the standard phase convention (13.3.2), and by
J = s%cys9c983¢35in 0, (13.4.4)

for the original KM phase convention (13.3.3). For the general expression (13.3.6), the rephasing

invariant .J is given by the form?>

Vi l|Viz| [Vis| [ Vir| [ Var| [ Var| .
sin 4. 13.4.5

(T~ VP Vi (15:45)

23Y. Koide, Mod. Phys. Lett. A7, 1691 (1992); G. Belanger, C. Hamzaoui and Y. Koide, Phys. Rev. D45,

4186 (1992).
24C. Jarlskog, Z. Phys. C29, 491 (1985); Phys. Rev. Lett. 55, 1039 (1985).
Y. Koide, Phys. Rev. D73, 073002 (2006)

=
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The quantity J can also be given by the form?® without the phase parameter:
1 2
T2 = Vi Verl* | Vual*Veal* = 5 (Vs *Vas|* = [Veal*[Vaa* = Vi *|Vsl*) " (13.4.6)

4

or

1 2 1 1
J? = )\2p202—1 [)\2p2 + (A + p2)02] —5 [)\2p2(1 +0%) — (A + p?)o?(1 — 02)} w—1(1—02)2w2,

(13.4.7)
for the expression (13.3.13).
13.5 Unitary triangle
The CKM matrix V satisfies a unitary conditions
> ViiVig = 645 (13.5.1)
k
Especially, a triangle (Fig.12.5.1) which is illustrated from the relation
VaaVu + VegVer + VigViw = 0, (13.5.2)

is called as the “unitary triangle”, and it is very useful for experimental studies of the CKM

matrix. The area of the triangle gives J/2.

Vap| - |Vaud| =~ o [Vial - [Vip| ~ Vo2 —w

|Veal - |Ven| =~ Ap

Fig. 13.5.1 Unitary triangle

In Fig. 13.5.1, the angles «, § and +y are defined by

Va1 Vs

_ VarVas
Vi Vi

V31V

ViilVis

= = A
= @[ Var Vs

| o=o—am|- 8] v =a—an - B 353

respectively. The angles (¢1, ¢2, ¢3) = (8, a,7y) on the unitary triangle are given by the sine rule

r1 T2 3

= = =92R 13.5.4
sing; sings  sings ’ ( )

26C, Hamzaoui, Phys. Rev. Lett. 61, 35 (1988); G. C. Branco and L. Lavoura, Phys. Lett. B208, 123 (1985).
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where R is the radius of the circumscribed circle of the unitary triangle, and r; are defined by
r1 = [Vas|[Viil, 12 = [Vas|[Va1|, 73 = [V33|[V51]. (13.5.5)
Then, the quantity J is written as follows:

1 1
J = rpr,singy = gR"rmn = ﬁ|V11HV21HV31HV13|W23|!V33|, (13.5.6)
where (¢,m,n) is a cyclic permutation of (1,2,3). From Egs. (13.4.5), (13.5.4) and (13.5.6), the
angles ¢, are given by the formula?”

Vit || Vio| [Vis| [Vir || Var || Vag| sin §
Vit [[Vina| Vet [ Vas | (1 — [Vir]?) | Vig|

sin ¢y = (13.5.7)

Note that, of the three sides in the expression V (i, k), only one side r; is always independent of

the phase parameter §.

13.6 Relation of J to quark mass matrices

The rephasing invariant J is expressed by the up- and down-quark mass matrices, M, and
My, as follows:
det(MuMd — MdMu) = 2ikykqd, (13.6.1)

for Hermitian matrices M, and My, where

Ku = (Mg —me)(me — my)(me —my), (13.6.2)
kq = (mp — ms)(my — mg)(ms — mg).

The formula (13.6.1) can be derived by using the formula (4.1.3) for the traceless matrix Ay =

M My — MyM,. If the quark mass matrices are not Hermitian, we can also obtain a relation
det(H,Hy — HyH,) = 2ik2 k3], (13.6.3)

where H, = Mqu (¢ = u,d) and

(13.6.4)

2TY. Koide, Phys. Rev. D73, 073002 (2006)
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